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Foreword

HE tremendous research and development effort that went into the

development of radar and related techniques during World War 11
resulted not only in hundreds of radar sets for military (and some for
possible peacetime) use but also in a great body of information and new
techniques in the electronics and high-frequency fields. Because this
basic material may be of great value to science and engineering, it seemed
most important to publish it as soon as security permitted.

The Radiation Laboratory of MIT, which operated under the super-
vision of the National Defense Research Committee, undertook the great
task of preparing these volumes. The work deseribed herein, however, is
the collective result of work done at many laboratories, Army, Navy,
university, and industrial, both in this country and in England, Canada,
and other Dominions.

The Radiation Laboratory, once its proposals were approved and
finances provided by the Office of Scientific Research and Development,
chose Louis N. Ridenour as Editor-in-Chief to lead and direct the entire
project. An editorial staff was then selected of those best qualified for
this type of task. Finally the authors for the various volumes or chapters
or sections were chosen from among those experts who were intimately
familiar with the various fields, and who were able and willing to write
the summaries of them. This entire staff agreed to remain at work at
MIT for six months or more after the work of the Radiation Laboratory
was complete. These volumes stand as a monument to this group.

These volumes serve as a memorial to the unnamed hundreds and
thousands of other scientists, engineers, and others who actually carried
on the research, development, and engineering work the results of which
are herein described. There were so many involved in this work and they
worked so closely together even though often in widely separated labora-
tories that it is impossible to name or even to know those who contributed
to a particular idea or development. Only certain ones who wrote reports
or articles have even been mentioned. But to all those who contributed
in any way to this great cooperative development enterprise, both in this
country and in England, these volumes are dedicated.

L. A. DuBriDGE.




Preface

HI1S volume of the Radiation Laboratory Series attempts to cover

the basic principles underlying the operation of klystrons and planar
grid tubes as oscillators and amplifiers. It has been the desire of the
authors to present the technical and theoretical aspects of this field as
completely and as rigorously as possible, even though this meant the
exclusion of a great deal of descriptive material, and has certainly added
to the difficulty of a first reading. Nevertheless it was felt that the
greatest need for a book on this subject at the present time was for one
from which the fundamental principles for the design and understanding
of microwave vacuum tubes could be obtained. No attempt has been
made to describe how a vacuum tube is actually constructed. Rather
the emphasis has been placed on presenting the fundamental material
which the tube designer or tube user must have at his command.

Because the radio-frequency work of the Radiation Laboratory was
concentrated almost entirely in the frequency region above 3000 Mc/sec,
this book naturally tends to emphasize the operation of tubes in that
region. However the basic principles are the same at lower frequencies
although as a general rule the electrical and mechanical requirements
become more difficult to attain as higher frequencies are approached.
Certainly it is the authors’ hope that this is a book on the principles of
operation of particular types of tubes, and not a treatise on the generation
of oscillations in a particular frequency band.

The wartime development of microwave radar and communications
was based on three important types of amplifier and oscillator tubes: the
multicavity magnetrons, the klystron family of tubes, and the planar
grid tubes (also called lighthouse tubes and disk-seal tubes). The
extraordinarily rapid engineering development of the multicavity magne-
tron as a transmitting tube is certainly one of the great advances of the
war and is discussed elsewhere in the Radiation Laboratory Series. The
present volume attempts to complete the story, and to cover in particular
the development of microwave receiving tubes, local oscillators, and
signal amplifiers. The use of klystron and planar grid tubes as trans-
mitting oscillators, and in a few cases transmitting amplifiers, is not
neglected. But up to the present their greatest use has been in receivers.
It seems hardly necessary to caution the reader that the future develop-
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ment of microwave receiver tubes will hardly be limited to the two types
discussed here. One need only recall the announcement in June of this
year of the development first at Oxford University and later at the Bell
Telephone Laboratories of the traveling-wave tube, which may well
revolutionize our idea of amplifier design.

This volume has been written in parts based on tube types and con-
gtruction, a division in form rather than in use or purpose. Following
four introductory chapters discussing tube types and functions and basic
electronic and circuit phenomena common to all types of tubes there is a
part on planar grid tubes and a part on klystrons. This division has
seemed desirable to the authors since it has made the purely mathe-
matical developments more logical than would have been the case if the
division in function had been followed. This arrangement should reduce
the number of cross references, and make the reading more straight-
forward. Aside from a few special cases of r-f circuits which are used
solely for microwave vacuum tubes, no attempt has been made in this
book to discuss the general properties of distributed constant circuits,
since these problems have been discussed thoroughly elsewhere in this
series.

Except for the important work of H. V. Neher and his group, most
of the effort at Radiation Laboratory on microwave receivers went into
the design of circuits, and the corollary tube testing and specification.
We have drawn freely upon the work of other organizations both in
England and in this country, and in particular upon the work of the
Bell Telephone Laboratories, the General Electric Company, and the
Sperry Gyroscope Company. Since the bulk of the wartime work has
just been declassified and remains unpublished, it has been necessary
to refer to internal organization reports, which are not available generally.

With the increasing awareness of engineers and physicists of the
relative merits of various systems of units, it has become the duty of the
preface writer to mention and defend the system chosen for the book at
hand. The present volume uses the MKS system for reasons no more
cogent than (1) this system is becoming more and more popular among
engineers, and is making headway even among physicists; (2) amperes,
ohms, and volts are units which the tube designer naturally uses.

We should like to express our thanks to Professor Eugene Feenberg,
now at Washington University in St. Louis, Mr. Edward Barlow, and
Pr. Marvin Chodorow, of the Sperry Gyroscope Company for many
helpful comments and criticism of the manuscript. We are indebted
to our former colleagues Dr. Milton Gardner, now at the University
of California, and Mr. M. C. Waltz, now at the Bell Telephone Lab-
oratories, for a great deal of help in preparing the information for
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this volume. In particular we wish to thank Dr. W. G. Shepherd, of
the Bell Telephone Laboratories, who has read the entire manuscript
and has helped us greatly by his criticism.

AwBeErT G. HILL.

CAMBRIDGE Mass.,
July, 1946,
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CHAPTER I
INTRODUCTION

By J. B. H. Kurer

During the last twenty years or so the development of radio communi-
cation and of allied techniques such as radar and television has involved
the use of higher and higher frequencies. During most of this period this
trend has resulted from the need for more channels in the useful frequency
spectrum; on the other hand, in such notable instances as the develop-
ment of radar, the usz of higher frequencies arises from the need for highly
directional antenna systems of reasonable size. Whatever the reason
behind the upward extension of frequencies in any particular case, the
pace has been set by the progress achieved in development of electron
tubes capable of generating higher frequencies efficiently and reliably.

1.1. Electron Tubes at Very High Frequencies.—In tubes of con-
ventional design the upper limit of the useful frequency range is fixed
by one or more of the following factors: (1) the inductance of the leads
to the tube elements, (2) the transit time of the electrons in the space
between electrodes, (3) the losses by radiation from the tube structure
and connecting leads, and (4) the necessity for small structures with
limited capabilities for heat dissipation. Careful attention to these
points has permitted great progress in the design of conventional tubes
for frequencies up to hundreds of megacycles per second. The micro-
wave region has been exploited, however, primarily by the use of unortho-
dox methods of vacuum tube construction and new principles of vacuum
tube operation; these have mitigated or entirely eliminated the unde-
sirable effects of the first three difficulties mentioned above, and the higher
efficiencies resulting have tended to diminish the importance of the
fourth.

The most universal difference between microwave tubes and those of
conventional design is that the former incorporate cavity resonators (or
at least are so constructed that they can form portions of cavities) and
50 avoid the effects of lead inductance and radiation losses. The prop-
erties of cavity resonators are considered in Sec. 1-3 and in more detail
in Chap. 4.

An additional point of comparison arises in connection with the elec-
tronic principles that are utilized in microwave tubes. Since the same
basic laws of electronic phenomena apply at all frequencies, quite different

3



4 INTRODUCTION [Sec. 1-2

aspects of these basic laws are utilized at high and at low frequencies.
For one thing, the important interaction of an electron stream with a
high-frequency circuit takes place not after the electron has been col-
lected on an electrode, but rather when the electron is in an “interaction
gap” between vacuum-tube electrodes of the high-frequency circuit;
the interaction of electrons and electromagnetic fields is basic, the col-
lection of electrons very minor. As a still more drastic departure in
electronic behavior, the finite transit time of electrons—which has a
deleterious effect as triode operating frequencies are increased—is
actually utilized as an essential element in the generation of microwave
power ip the klystron and magnetron. These and other features of elec-
tronic phenomena at microwave frequencies are discussed in Chap. 3.

The construction of most microwave tubes is so different from that
of conventional radio tubes that the sole remaining point of similarity is
the standard tube base used for the d-c connections of most klystrons
and microwave triodes. All in all, these methods of construction and
the principles of operation of these new tubes have been so successful that
during the wartime period the frequency spectrum available for radio
communication and allied applications was multiplied to at least thirty
times its prewar extent. Furthermore, this development made it possi-
ble, for example, to direct radiated energy into a searchlight beam of the
order of magnitude of one degree in width with an antenna small enough
to be installed in an aircraft. Before going into details of the relevant
vacuum tube questions involved here, however, it will be necessary to
discuss briefly some basic points about the microwave frequencies.

1.2. Microwave Region. Frequency Range—At the outset it is well
to emphasize that the microwave region (or centimeter-wave region) is
characterized by the techniques employed and does not have precise
frequency limits. In a sense it is not so much a spectral band as a frame
of mind. The distinctive characteristics are the use of distributed-
constant circuits enclosed by conducting boundaries in contrast to the
lumped-constant elements familiar in lower frequency applications.
Ordinary circuit components (condensers, coils, and resistors) are useless
as lumped elements in the microwave region since they are usually so
large in comparison with the wavelength that they cannot be considered
as purely capacitive, inductive, or resistive elements.

In the official designations for portions of the radio frequency spec-
trum, the “very high frequencies”” include the region from 300 to 3000
Mec/sec (wavelength from one meter to 10 ¢cm), and the term ‘‘super
high frequencies” is applied to the region above 3000 Me/sec. This
division is rather awkward since the boundary is artificial, but fortu-
nately the term ‘“‘microwaves” has been left out of the definitions, and
so can be used as suggested here.
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Cavity resonators may be used at frequencies in the 100 Mec/sec
region or lower, the only objection being their bulk; waveguides have
been used below 600 Mc/sec. On the other hand, oscillators with unen-
closed circuits employing more or less lumped elements have been built
for frequencies exceeding 1000 Mc/sec. It is impossible, as these ex-
amples show, to set a definite lower limit to the frequency range of the
microwave region; nevertheless, in any specific case, it is easy to tell at a
glance whether microwave techniques are being employed. For prac-
tical purposes, the microwave region, as defined by techniques, may be
considered to start at about 1000 Mc/sec and to extend indefinitely—
to more than 30,000 Mc/sec, and preferably until it merges into the infra-
red region. For most of the specific illustrative cases that occur at later
points in this book, the frequencies lie between 1000 Mc/sec and 30,000
Me/sec (wavelengths between 30 cm and one cm).

Properties of Microwaves.—Second only to the obvious advantage of
offering more room for services requiring wide frequency bands, the most
important property of the microwaves is their short wavelength. Itisa
basic principle in physical optics that radiation in a directed beam can
arise only from a structure that is large in comparison to the wavelength.
Therefore, in order to get narrow beams without resorting to very large
antennas, it is necessary to use short waves.

The propagation of microwaves is practically limited to line-of-sight
distances. Some energy, however, penetrates below the horizon because
of scattering and diffraction effects. Under the right meteorological
conditions, atmospheric refraction may be strong enough to guide micro-
wave radiation along the surface of the earth to many times the horizon
distance.

Microwaves are reflected strongly from bodies of water or from most
metal structures, and are reflected to varying degrees by land masses
and by other structures. Because of this fact, it is common to find a
direct ray, and one or more reflected rays, at a given remote point. Such
multipath transmission results in an interference pattern in space; any
minor change in path lengths, amounting to a half wavelength or so,
causes severe fading.

Special Features of Microwave Receivers.—As is explained in later
chapters, satisfactory r-f amplifier tubes for the microwave region are not
yet available; where the maximum sensitivity is required in a receiver
it is necessary to use the superheterodyne principle. The nonlinear ele-
ment (or mixer) is almost always a point-contact rectifier (usually a tung-
sten point pressing on a silicon crystal); although crystal mixers always
give a conversion loss they are preferable to existing vacuum tubes.
With the multigrid tubes used as converters at lower frequencies, it is
usual to get amplification as well as mixing; with the microwave con-
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verters, on the other hand, the power at the ‘““beat’” or difference fre-
quency available for amplification in the i-f amplifier is less than the
incoming signal power. Offsetting the conversion loss to some extent, the
crystal mixer contributes remarkably little noise in itself.

At moderately high frequencies the useful sensitivity of a radio
receiver is ordinarily limited by extraneous noise that originates outside
the receiver. The principal sources of extraneous noise are atmospherie
electrical phenomena (such as distant thunderstorms) and discharges or
transients in electrical machinery. In a “noisy’’ location a receiver with
high sensitivity will be useless for reception of very weak signals, but in
a ‘“‘quiet” location the full sensitivity may be useful. The situation is
markedly different at very high frequencies, however. As the frequency
is raised, the extraneous noise becomes less and less important for two
reasons: (1) above the critical frequencies for ionospheric reflection only
those sources of noise within (approximately) line-of-sight distances can
be effective, and (2) the ordinary transients in electrical equipment do
not contain components in the extreme high frequency range. On the
other hand, as the frequency is raised the receiver itself tends to become
“noisier,”’ that is, a larger portion of the total noise is generated in the
early stages of the amplifier. In the microwave region (and to a large
extent at frequencies in the ultrahigh-frequency range), it is no longer
true that the environment limits the useful sensitivity of a receiver;
rather the limit is set in the receiver itself by the noise generated therein.

Noise Figure.—This generation of noise has led to the introduction of
the concept of the noise figure,! by means of which the performance of a
real receiver is measured in terms of that of a theoretically perfect receiver.
The concept is by no means limited in application to radio receivers at
very high frequencies; analogous criteria could be applied to many other
devices—galvanometers, for example.

In an ideal receiver the only source of noise (within the receiver) is
the thermal agitation noise associated with the input impedance. The
magnitude of this noise power can be calculated from thermodynamic
reasoning, given the limiting bandwidth of the receiver, Af; the noise
power is kT Af watts, where T is the absolute temperature of the input
impedance and % is Boltzmann’s constant, 1.38 X 1072 watt-seconds per
degree absolute. An actual receiver may have many additional sources
of noise contributing to the total output noise. For any device it is,
thus, easy to assign a ‘“‘noise figure”’—that is, the ratio of the actual
noise output power to the noise that would have been obtained if only
the input impedance were contributing noise. Alternatively, the noise
figure is the ratio to k7T Af of the minimum input signal for which the

L For a full discussion see H. T. Frits, ‘“ Noise Figures of Radio Receivers,” Proc.
I.R.E., 82, 418 (1944), and correction ibid. 32, 729 (1944).
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output signal and noise are equal. When several noisy devices are
cascaded, their contributions may always be referred to a common point
(normally the input terminals) by making allowances for the gain. The
noise figure is commonly expressed in decibels; for an ideal device the
noise figure is unity, or zero db.

In a straight superheterodyne receiver the noise figure is determined
by the converter and the first (one or two) i-f amplifier stages. When an
r-f amplifier is used before changing frequency, the amplifier noise figure
is the controlling factor for the whole receiver, provided only that the
gain of the amplifier is sufficient to swamp the noise of the converter.

1-3. Microwave Techniques. Coaxial Lines and Warveguides—
Because of radiation losses, parallel wires and other open transmission
lines are never used (except as antennas) in the microwave region.
Instead, coaxial lines and waveguides areuniversally employved. Although
it may be said justly that a coaxial line is a waveguide, the use of the
two terms in a restricted sense is well established and also convenient
where 1t 1s desired to call attention to the presence or absence of a center
conductor.

A coaxial line may contain a low-loss dielectric to support the center
conductor; or instead of a solid dieclectrie it may have stub lines, short-
cireuited at a distance corresponding to § wavelength, to support the
center conductor. The latter method is favored when it is necessary to
handle large amounts of power over fairly long distances; where losses
are unimportant, as in low-level work with short runs, the solid dielectric
lines are convenient. A waveguide mayv be a hollow conductor of any
cross-section, or even a solid rod of dieleetrie, provided the luteral dimen-
sions are not too small compared with the wavelength in air of the radia-
tion to be handled; a waveguide may be excited in many different
transmission modes.  With very few exceptions, however, practical wave-
guides are metallic tubes of rectangular cross-section; the larger (inside)
dimension lies between one-half and one air wavelength, which means
that the “dominant’ mode is the only one that can be propagated.
Compared with coaxial lines, a waveguide has the tremendous advantage
of requiring no support for a center conductor; it can handle much higher
powers without insulation failures, but it is dispersive—thai ix, the phase
velocity depends on the frequency.  This ean be troublesome when wide
frequency ranges are to be handled.

Cavity Resonators.—Tt is a familiar fact that a picee of coaxial line or
waveguide that is one-half wavelength long and is short-circuited at the
ends will hehave as a resonant circuit. As a result of the absence of
radiation and diclectric losses, together with the relatively large areas of
the conductors, the @ of such a resonant circuit may he very Lich in
comparison with typical coil-and-condenser combinations. It iz po=sibly
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less commonly realized that any region bounded by a conducting surface
will be a resonant cavity, and will possess an infinite number of resonant
frequencies corresponding to different modes of oscillation. Usually,
only the mode with the lowest resonant frequency is of interest, but it is
not safe to ignore the existence of the higher modes.

In ordinary lumped-constant circuits the behavior is determined by
the resistance, inductance, and capacitance. In the lumped-constant
approximation an alternative specification in terms of the resonant fre-
quency, the @, and the shunt resistance is equally valid although less
familiar. In microwave resonant circuits the latter representation is
still possible, indeed it is generally the most useful; on the other hand,
the R, L, and C picture is seldom, if ever, an accurate one. In general,
it is not possible to define an inductance or capacitance associated with
a part of a resonant cavity in an unambiguous manner; contradictions
are sure to appear sooner or later. This difficulty, which is at the heart
of the difference between lumped-constant and distributed-constant cir-
cuits, is important mainly in pointing out the dangers in taking simple
lumped-constant ‘“‘equivalent” circuits too seriously. Although often
useful in qualitative discussions, and sometimes capable of yielding
quantitative results, these ‘“equivalent” circuits for distributed-constant
circuits must be used very carefully.

Obviously, many types of resonant cavities are possible. For wave-
meters, in particular, higher modes in round waveguides are often
employed, since they may have higher Q’s than the simpler field con-
figurations. In electron tubes, however, the cavities must satisfy two
primary conditions: (1) the dimensions of the conducting walls must
correspond to the desired resonant frequency, and (2) there must be a
region in which there is strong interaction with an electron stream.
This second condition commonly means that the cavity must have a
region in which the electric field is relatively strong across a gap short
enough to be traversed by an electron in a fraction of a cycle. Hence
the resonators used in microwave tubes have regions (the interaction
gaps) which resemble ordinary condensers. As a result of this fact it is
often permissible to use the lumped-constant equivalent circuit repre-
sentation in discussing these resonators.

Reentrant Cavity Resonators.—The necessity for an efficient interac-
tion gap—one with a high r-f field extending over a short distance which
can be traversed by an electron beam—has led to the use of a form of
resonator (discussed in Chap. 4) consisting of a cylindrical box with a
central post reaching almost across from top to bottom. Extreme forms
of this resonator may be either a cylindrical pillbox with a vanishingly
short center post, or a coaxial line short-circuited at one end and provided
with an end plate close to the free end of the center conductor. The
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latter form may be considered as a short-circuited quarter-wavelength
line loaded by a capacitance (the interaction gap) at the open end. In
any case apertures or grids are provided at the interaction gap to permit
passage of the electron beam.

In the microwave region a tube can scarcely be considered apart from
its cavity, so the properties of resonators, @, shunt resistance, and length
of interaction gap will be mentioned frequently in succeeding chapters.
These four properties, with the resonant frequency, are determined by
the dimensions of the resonator and by the conductivity of the material
of which it is made. To a large extent microwave tube resonator design
is a compromise between the requirements for a high shunt resistance
and an efficient interaction gap.

1.4. Principal Tube Types.—There are three principal types of vacuum
tube that have been useful in the past in the microwave region: cavity
magnetrons, specially designed space-charge control tubes (mostly
triodes), and klystrons. (The latter are often called velocity-modulation
or velocity-variation tubes.)

Cavity Magnetrons.—The tremendous advance in microwave tech-
niques during the war had as its most important ingredient the invention
of the cavity magnetron. By the end of the war it was possible to build
magnetrons to deliver pulse powers in excass of a megawatt in the 3000
Mec/sec region or continuous powers approaching a kilowatt, The
magnetron is treated elsewhere in this series,! and this book is devoted
to other types of tubes useful in applications where the power require-
ments are more modest.

Special Space-charge Control Tubes.—In view of the difficulties experi-
enced with space-charge control tubes at high frequencies, the space-
charge control tubes logically take the form of disk-seal triodes.?2 This
class of tube, the best-known members of which are popularly called
“lighthouse tubes” because of their shape, has a planar structure in
contrast to the cylindrical forms common at lower frequencies. The
leads to the electrodes are brought out of the vacuum envelope through
disk seals (metal to glass) and the whole tube is designed for insertion in
aresonator. In thelighthouse tubes an oxide-coated cathode is mounted
on the end of a cylindrical post a few thousandths of an inch from a mesh
grid, and the anode is the end of a similar cylindrical post on the other
side of the grid.

Two examples of the lighthouse type of microwave triode are shown
(without the associated resonant circuits) in Fig. 1-1. In Fig. 1-2 one
of these tubes, the 2C40, is shown in cross-section. The plate connection
is the top cap, the grid is brought out to the intermediate disk, and the

1 8ee Volume 6 of the Radiation Laboratory Series.
2 E. D. McArthur, ““Disk-Seal Tubes,” Electronics, 98, February 1945.
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base shell provides the r-f cathode connection. When these tubes are
inserted in a coaxial-line resonator, the lead inductance is practically
eliminated since the vacuum tube electrodes are integral parts of resonant

Anode
Giass to .
metal seal Grid mesh
Az3.—Gid connection
IR ti——Evaporation shield
|™-Oxide Cathade
Heater L
R Cathode connection
Cathode Y Mica by-pass capacitor
eyelet KNP
Stem shield
Skirt

Octal base

Fi1g. 1:2.—Mechanical details of the 2C40 {tube.

cavities. At the same time this construction eliminates losses by radia-
tion. In order to reduce transit-time effects as much as possible, the
interelectrode spacings of microwave triodes must be made extremely
small; thus in the 2C40, one of the examples shown in the figure, the




Sec. 1-4] PRINCIPAL TUBE TYPES 11

cathode and plate have a diameter of 4.6 mm, the cathode-to-grid spacing
is about 0.1 mm, and the grid-plate spacing is about 0.3 mm.

Figure 1-3 shows the 2C43 (one of the tubes of Fig. 1-1) mounted
inside a coaxial-line type of cavity resonator.

Microwave triodes thus represent the logical development of the con-
ventional triode to adapt it to operation at very high frequencies—a
development that is limited mainly by purely mechanical difficulties
inherent in maintaining the necessary close spacings in manufacture.

Klystrons.—Klystrons stand in sharp contrast to the lighthouse
tubes, which are the logical adaptations of low frequency design princi-
ples to microwave requirements; the klystrons! are the result of the

™ Plate line

Fi6. 1.3—Cutaway drawing of a cavity for the 2C43 tube.

utilizing of, instead of minimizing, comparatively long transit times. In
the two-resonator klystron amplifier, the simplest type for purposes of
discussion, a beam of electrons from a gun is first accelerated to a high
velocity. The beam then passes through the interaction gap of the input
resonator (sometimes called the “buncher’), where each electron receives
an additional acceleration (positive or negative) depending on the phase
and magnitude of the gap voltage during the passage of the electron.
The beam, now containing electrons of various velocities, next traverses a
“drift space’ in which the variations in velocity of the electrons give rise
to density modulation. Since the velocity of each electron depends on
the instart at which it crossed the buncher gap, an electron which was
accelerated will overtake one which started out earlier and was retarded,

tR. H. Varian and 8. F. Varian, “A High-Frequency Oscillator and Amplifier,”
J. App. Phys., 10, 321 (1939); D. L. Webster, “Cathode-ray Bunching,” J. App.
Phys., 10, 401 (1939); D. L. Webster, “ The Theory of Klystron Oscillations,” J. App.
Phys., 10, 864 (1939); A. E, Harrison, ‘“Klystron Technical Manual,” Sperry Gyro-
scope Co., Inc., Great Neck, Long Island, N. Y. 1944 (contains a good bibliography of
carly papers); J. R. Pierce, ““Reflex Oscillators,” Proc. I.R.E., 83, 112 (1945); E. L.
Ginzton and A. E. Harrison, ‘“Reflex-Klystron Oscillators,” Proc. I.R.E., 84, 97P,
(1946).
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and in this manner the electrons tend to form bunches in the beam.
The bunched beam passes through the interaction gap of the output
resonator (sometimes called the "‘catcher’); here the high frequency
component of the beam current, as represented by the bunches and
intervening regions of low density, drives the output resonator into oscil-
lation. This resonator and its output coupling act as a step-down trans-
former to deliver useful power to the load. If a portion of the output
power from such an amplifier is fed to the input resonator in the correct
phase, self-sustained oscillations will be obtained.

In the type of operation thus described, control over the density of
the electron stream is exercised not by direct density modulation in a
single cathode-grid control region, but rather by a more indirect process
oceurring in a control region composed of three parts: the region of d-c¢
aceeleration, the velocity-modulating input gap, and the drift space in
which velocity modulation is converted to density modulation. The
most basic advantage of this new method of modulation lies in the fact
that the initial (velocity) modulation is applied after d-¢ acceleration,
rather than before d-¢ acceleration as in the triode. Thus, although
there must be somewhat less than one cycle transit time through either
the cathode-grid region of the triode or the input gap of the klystron,
in the latter case the transit is made at high velocity. The requirements
on electrode spacings are thus greatly relaxed for the klystron, and the
upper limit of attainable frequencies is increased by at least an order
of magnitude.

In the discussion of klystrons in Chap. 9 and subsequent chapters it
will be seen that at first glance satisfactory klystron operation might be
expected with a very small input-gap r-f voltage and a long drift space;
more careful consideration shows that space-charge debunching forces
become harmful with a long drift space. The resulting short drift spaces
and sizable r-f gap voltages have as a consequence the need for cavity
resonators with high shunt impedances. In a general way this means
high-@ circuits, and the ensuing complications of keeping two or more
such eircuits in tune.

This question of tuning contributes strongly to the fact that of all
the various forms of klystrons by far the most common is the reflex
klystron oscillator; this tube differs from the other forms mainly in the
fact that a single resonator serves as both buncher and catcher. Instead
of traversing a straight drift space the beam is turned back on itself by
a retarding field, produced by a reflector electrode maintained at a
potential negative with respect to the cathode. The reflected beam
contains bunches, which result from the variation of transit time with
velocity in a process formally similar to that occurring in the two-reso-
nator klystron. The end result of the process of bunching in a retarding
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field differs by a phase factor of 180° from the field-free drift-space
bunching mentioned in the discussion of the klystron amplifier. The
faster electrons penetrate more deeply into the retarding field and there-
fore take longer to make a round trip; hence the electrons which made
their first transit through the interaction gap early and were accelerated
are overtaken by those which came later and were retarded. Oscillations
may be produced in the reflex klystron provided the bunches in the beam
return to the interaction gap at the proper phase to deliver energy to the
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Fre. 1-4.—Cross sections illustrating principal features of (a) the 2-cavity klystron and
(b) the reflex klystron.
resonator. This requirement can be met by adjustment of reflector
voltage or spacing.

The general construction of the reflex klystron oscillator and a two-
resonator klystron amplifier is indicated schematically in Fig. 1-4.
Figure 1-5 shows several commercial klystrons which furnish many of
the examples in later chapters.

1.5. Points of Comparison between Low-power Microwave Tubes.—
Although differing in structure and in principle of operation, microwave
triodes and klystrons have many characteristics in common. Among
these are the fields of application, the use of similar types of cavity resona-
tors, and the fact that the tubes usually have axial symmetry with one-
dimensional electron flow.
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Application.—By far the most common use of microwave triodes and
reflex klystrons has been as local oscillators in microwave receivers.
Other applications have been as signal generators or low-power trans-
mitters. The microwave triodes lend themselves well to pulse opera-
tion; but klystrons are also useful, particularly where the duty ratio is
high. Reflex klystrons are well adapted as frequency-modulated trans-
mitters, especially where large frequency deviations are required.

Fi1G. 1:-5.—Representative commercial klystrons: (@) the 417A reflex klystron; (b) the
410R two-resonator klystron; (¢) the 707B reflex klystron with external cavity; (d) the
707B reflex klystron without external cavity; (¢) the 723A /B reflex klystron with internal
cavity.

Klystrons and microwave triodes can be used as superregenerative
receivers, of course, but these receivers have not found wide application
in the microwave region.

Resonators.—It should be noted, as a point of similarity between the
klystrons and the microwave triodes, that the requirements of each of
these types lead to the use of the reentrant resonator which is discussed
in more detail in Chap. 4. For purely mechanical reasons, however,
the microwave triodes are ordinarily used in cavities which resemble
capacitance-loaded coaxial lines, usually not operated in the funda-
mental mode but in the three- or five-quarter-wavelength mode. Most
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of the klystrons have integral cavities of a simple form; the 707B, an
external-cavity type, is sometimes used also in a coaxial line resonator.

Symmetry.—Almost all microwave triodes and klystrons have struc-
tures that are figures of revolution about an axis.! The electron beam
is located on or near the axis of symmetry, and apart from focusing effects
the paths of the electrons are essentially one-dimensional. This permits
a considerable simplification of the theoretical treatment of the two
classes of tubes. Extremely simple theories, in which only rectilinear
motions in uniform fields are discussed, are able to furnish surprisingly
useful results.

Fundamenial Differences.—On the other hand there are deep funda-
mental differences between microwave triodes and klystrons; as discussed
earlier, these are concerned mainly with the manner of production of
density variations in the electron beam. This difference is often empha-
sized by classifying the two types as ‘‘space-charge control”’ tubes and
“velocity-variation” or “velocity-modulation” tubes respectively. In
the space-charge control tubes, the field at a virtual cathode (potential
minimum) is varied, usually by changing the potential of a grid; the
electron density in the beam traversing the output circuit is varied
correspondingly. Although there is, of course, a slight variation in
velocity of the electrons as the grid potential is changed, this is of no
practical consequence; the primary effect is density variation. In the
velocity-variation tubes, on the other hand, there are space-charge effects
which noticeably alter conclusions based on simple bunching theory;
but here, in turn, these space-charge effects are secondary.

Partly as a result of this fact that space-charge and velocity-variation
effects often are present in the same tube, it may be useful to employ a
different classification scheme depending on the velocity of the electrons
in the control region. Thus the space-charge control tubes may be
referred to as ‘‘low-velocity” types, since the control is applied to elec-
trons that are at rest or moving only very slowly. In the velocity-
modulation types the electrons are first accelerated to a high velocity
and then enter the input interaction gap, so it is natural to call them
“high-velocity’ tubes.

1.6. Plan of This Book.—Attention is devoted primarily to those
specific types that have been widely used during the war and are there-
fore comparatively well understood. These types are the lighthouse
tubes and the reflex klystrons. The amounts of space devoted to these
two types indicate very roughly their relative importance to wartime
applications; this ratio will very likely carry over into peacetime work.

1 Exceptions are some British double-gap single resonator tubes that have not
been widely used and therefore are not discussed in this book except in Sec. 2-4.
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The book is divided into three main parts. The first is devoted to
general discussions of tube types and a survey of the fundamental prin-
ciples of resonators and electronics applicable to both categories of tubes.
The space-charge control or low-velocity types are discussed in the second
part, with most of the illustrative material referring to the lighthouse
tubes. The third part is concerned with the klystrons, with two chapters
on multiresonator tubes and the balance devoted to the reflex klystrons.




CHAPTER 2
SUMMARY OF MICROWAVE TUBE TYPES AND FUNCTIONS

By D. R. HaminToN

As noted in the preceding chapter, the main emphasis of this book is
upon reflex klystrons and microwave triodes. Numerous other types of
microwave tubes exist, however, and in order to clarify the background
and significance of the microwave triodes and reflex klystrons it is neces-
sary to discuss the principal features and characteristics of these other
tube types. This is most easily done by considering the various func-
tions which vacuum tubes might be expected to fulfill at microwave fre-
quencies; in this chapter the discussion of these functions is therefore
used as a means of introducing the subsidiary tube types, comparing
them with the tubes with which most of the remainder of the book is
concerned, and indicating why they are not of paramount importance.
At the same time this procedure serves to provide a bird’s-eye view of the
situation in the various possible microwave vacuum-tube applications,
and provides some indication of future trends in this field.

2:1. Mixers.—The type of mixer used in any microwave application
depends strongly on the requirements placed on this mixer. Thus, in
radar application the received signals are very weak and the noise prop-
erties of the mixer are of prime importance. At frequencies of 2500
Mec/sec and higher, crystal mixers have much lower noise than any
vacuum-tube mixer; this fact has resulted in the practically exclusive use
of crystal mixers in radar development in this frequency range. Such
mixers are discussed in detail in Vol. 16 of this series.

On the other hand, in the future there may well be applications in
which noise questions lose the transcendent importance which they have
in radar; this fact opens up the possibility of the use of thermionic mixers.
The most promising of such mixers have been the diodes. In designing
a diode mixer there apply the same considerations which have led to the
“lighthouse” type of construction for triodes, as discussed in Chap. 1.
The best diode so far developed has been the British CV58; at 3000
Mc/sec this tube used as a mixer has a noise figure of about 18 db, as
compared to 9 db for the better erystal mixers. The 2B22, an American
lighthouse diode, and the 2C40 lighthouse triode, give noise figures of

21-22 db when used as mixers at 3000 Mc/sec.
17
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Klystron mixers were constructed in the early days of microwave
development, before measurement techniques were refined to the degree
of giving accurate noise figures; they were found to be too noisy for radar
application.

Since thermionic microwave mixers have received very little attention
in recent years, and since comparatively little is known about them, they
will not be discussed further in this book.

2-2. Amplifiers.—In the development of wartime microwave radar
there was no great utilization or intensive development of microwave
aroplifiers. This was the result of two primary factors: the lack of a
good low-noise r-f amplifier for receiver work, and the excellence of the
cavity magnetron as a transmitter for pulse radar. The post-war broad-
ening of the types of microwave applications and the fuller utilization
of the available frequency ranges will result in a greatly increased need
for and development of microwave amplifiers in both the signal-amplifier
and power-amplifier categories.

As an illustration of this latter point there may be noted the announce-
ment, just as the manuscript for this book goes into final form, of the
development at the Bell Telephone Laboratories of the ““traveling-wave”’
amplifier, originally invented at the Clarendon Laboratory, Oxford,
England. Typical data quoted for an initial sample of this tube are as
follows: at a frequency of 3600 Mc/sec, a gain of 23 db, a bandwidth of
800 Mc/sec, output power 200 milliwatts, beam voltage 1600 volts, beam
current 10 ma. Thus, although it will be seen shortly that klystrons
and microwave triodes provide amplification suitable for many purposes,
it is apparent that current postwar development will markedly change
the amplifier situation from that to be described here.

In this postwar development, voltage or low-level amplifiers will be
required for the same reasons that have made their utilization so wide-
spread in receivers designed for the broadecast and familiar short wave
bands. Among the important advantages gained by using an r-f ampli-
fier at the input to a receiver are: reduction of local oscillator radiation
and image sensitivity in superhyterodyne receivers; isolation of receiver
circuits from detuning effects of an antenna (in microwave parlance this
would be called “pulling”’); and, especially where remote cut-off tubes
are used, reduction of eross modulation by nearby powerful transmitters
on neighboring channels. In radar receivers the greatest possible sen-
sitivity, determined by the noise figure, is required; in this respect the
amplifiers so far developed cannot compete with the crystal converter
at frequencies above about 1000 Mc/sec. In addition, it has been found
helpful in pulse radar to utilize automatic frequency control for keeping
the receiver correctly tuned to the radar transmitter; this tuning process
is tremendously complicated by an r-f amplifier. These considerations
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clearly do not apply to a communication system where, for example,
fixed frequency operation is necessary and the avoidance of interference
may be more important even than the noise figure. It thus seems that
the development of suitable amplifiers will be a major project in the
postwar era.

In transmitter practice the use of a master oscillator-power amplifier
arrangement is standard except at microwave frequencies. In the latter
instance, the cavity magnetron used as a self-excited osillator is capable
of generating enough power to make an amplifier following the oscillator
a rather undesirable complication. Although the frequency stability
of this arrangement is sufficient for the wide bands needed in pulse radar
it is not up to the standards customary in communication systems at
lower frequencies; in addition, the master oscillator-power amplifier pos-
sesses the advantage of providing clean modulation, that is, amplitude
modulation free of frequency modulation, or vice versa.

The further discussion of the requirements imposed upon amplifiers,
and the prospects of meeting these requirements, is broken up into
separate discussions of signal or voltage amplifiers, and power amplifiers.

Signal Amplifiers—The requirements placed upon a signal amplifier
for a specific receiver use depend upon the relative importance of noise
figure and amplifier gain. As the amplifier gain is increased, a point is
reached where the noise from the input stage of the amplifier swamps
the noise from any subsequent devices; beyond this point any additional
amplifier gain is welcome but not required, since the noise figure of the
r-f amplifier now determines the ultimate sensitivity of the entire receiver.

In addition to the noise and gain requirements imposed on a signal
amplifier, the requirements for bandwidth, stability, and ease of tuning
should be noted. The bandwidth must be great enough to accept the
desired modulation with a reasonable allowance for inexact tuning, and
the tuning must not be unduly sensitive to variations in temperature or
voltages. The device must be sufficiently free from regeneration to avoid
loss of bandwidth, or radiation of local-oscillator power fed back from
the output circuit. Relatively low gains, by usual radio engineering
standards, would be preferable to instability and the need for neutraliza-
tion of feedback.

Among the klystrons and microwave triodes in the 3000 Mc/sec fre-
quency range there are no commercially available amplifiers whose per-
formance approaches these requirements. There seems, however, some
promise of the eventual availability of such klystrons or triodes; hence
the present performance and future possibilities will be discussed in some
detail.

The behavior of microwave triodes as low-level amplifiers is discussed
in detail in Chap. 6. The most nearly appropriate microwave triode
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for low-level use at 3000 Mc/sec is the 2C40 lighthouse tube. It is seen
in Sec. 6-6 that typical noise figures for the 2C40 are 21 db at 3000 Mec/sec
and 16 db at 2000 Mc/sec. This is to be compared with a typical figure
of 10 db for a 3000 Me/sec receiver with a good commercially obtainable
crystal converter. It is immediately apparent that the 2C40 tube is not
useful as an r-f amplifier. It is of some interest, nevertheless, to note the
values of the gain-bandwidth product, for this amplifier. (Since gain
and bandwidth are both commonly desirable features, and since for a
given tube the gain-bandwidth product remains approximately constant
when either of these quantities is changed, the gain-bandwidth produet
is often referred to as the ‘“figure of merit”’ of the amplifier.) Measuring
bandwidth, Af, in Mc/sec, and meaning by the gain ¢ the power gain,
G Af has a value of approximately 20; adjusting load for maximum gain
gives, typically, @ =5 and Af = 4 Mc/sec for operation with plate
voltage 250 volts, plate current 30 ma. The gain would be approxi-
mately unity if no regenerative feedback were used.

The performance just quoted has been considerably improved upon
with experimental triode and tetrode amplifiers at 3000 Mc/sec. (See
Sec. 6:3.) The best performance obtained gave a noise figure of 9 db
with a power gain of 20, bandwidth 6 Mc/sec, or a figure of merit of 120.
This performance involves refinements in construction which have so far
prevented consistent production on a laboratory scale or any production
at all on a commercial scale.

Klystron amplifiers may be divided into two categories, the two-
resonator or single-stage type, and the three-resonator or cascade type;
in performance, the latter type is distinguished by its high gain. This
distinction is discussed below in connection with power amplifiers, and
in somewhat more detail in Chap. 10 (particularly in Sec. 10-8). Since
the distinction involves mostly matters of gain and bandwidth, it is not
basic to the present discussion. This comes about because klystrons
normally have high-impedance input circuits, in comparison to microwave
triodes; this in turn means that the important factor in klystron noise is
the shot excitation of the input circuit and the subsequent amplification
of this noise; any increase in gain merely increases signal and noise
equally. Just as in triodes, excessive noise has always been the limiting
factor which prevents the use of klystrons as r-f amplifiers; hence there
is little value, at this point, in distinguishing between single-stage and
cascade amplifiers.

Data are presented in Sec. 104 for a typical klystron amplifier in
which, just as in the 2C40 triode, no attempt has been made to design
for low-noise operation. In this tube the noise figure showed a minimum
value of 25 db at a beam voltage of 275 volts and beam current 2 ma;
at the same time the power gain was 6 and the bandwidth about 1.5
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Me/sec. This low gain is not characteristic of klystron amplifiers of the
cascade type, and resulted simply from the minimizing of noise figure
with respect to beam voltage in this particular tube; at the expense of
10 db in noise figure the gain was raised from 6 to 1000. As discussed in
Sec. 10-4, it appears possible to design for r-f amplifier service a klystron
in which noise is very greatly reduced below the above figure by a reduc-
tion in current, while at the same time maintaining high gain by a reduc-
tion in voltage. Such a tube would operate at less than 100 volts with
several tens of microamperes beam current. As in the case of the triode,
the prime difficulty to be overcome is the necessary refinement of con-
structional technique to allow the use of the small dimensions which
correspond to low voltages; but the klystron under discussion would not
rely upon uniformity of the cathode emission properties and, as is usual,
the constructional refinements are probably not as great as for the cor-
responding triode.

The fact that in the klystron there is a relatively large input r-f gap,
and the fact that the input cavity is not subjected to certain loading by
the presence of the cathode in this gap, contribute to giving the klystron
a normally higher gain and smaller bandwidth than the triode amplifier.
The gain-bandwidth product (as usual, a constant with respect to load-
ing changes) is, however, large under normal circumstances (1500 at
one point in the above-quoted example); one would not expect this
property to be changed too drastically in a low-noise amplifier.

Power Amplifiers—Noise, which is the most important feature in a
signal amplifier for receiver use, becomes quite unimportant in a power
amplifier intended for transmitter application. Bandwidth, ease of
modulation, frequency stability, output power, gain become more impor-
tant; the exact relative importance of these factors depends on the
application.

A number of lighthouse-like triodes are available as excellent power
amplifiers at 1000 Mec/sec. The most nearly satisfactory tube at
3000 Mc/sec has been the 2C43. This has been used primarily as a
pulsed oscillator; in ¢-w amplifier service it would probably be limited by
plate dissipation to powers of the order of one watt, which would not be
very useful. Methods of modulating such triodes have not been given
much study, primarily because of lack of urgent application.

As already noted, klystron amplifiers exist in two forms. Historically,
the earliest form of power-amplifier klystron was the two-cavity single-
stage type typified by the 410R, the characteristics of which are dis-
cussed in some detail in Sec. 10-7. This particular tube is characterized
(in c-w operation at 3000 Mc/sec) by 10 per cent efficiency, 18 watts
output power, power gain of 10 at maximum output, and power gain of
25 at small-signal operation. The bandwidth corresponding to these
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operating characteristics, as estimated from the circuit Q’s, is about
2.5 Me/sec.

Such values of gain are, however, insufficient for such applications
of the klystron power amplifier as the generation of microwave power at
quartz-crystal-controlled frequencies. In these applications, the fre~
quency of a crystal oscillator is multiplied in successive stages, the last
one of which is a frequency-multiplier klystron. Since the output power
of high multiplication frequency-multiplier klystrons is low (commonly,
a few tens of milliwatts), it is necessary to have a rather large power gain
in the klystron power amplifier which follows the frequency multiplier.
It was primarily for this purpose that the high-gain cascade power-
amplifier klystron was developed. The cascade amplifier which is
directly comparable with the type 410R is the type 2K35; at a beam
voltage of 2000 volts and with tuning and loading for maximum gain this
amplifier has a power gain of 600 at maximum output power, small-
signal power gain 1500, and bandwidth (again, calculated from known
Q’s) of 1.3 Me/sec.

Other klystron amplifiers (primarily cascade amplifiers) have been
developed at frequencies from 1000 to 5000 Mc/sec with output powers
ranging from 75 to 750 watts. Since there was no great wartime
demand for such devices, none of them has been manufactured in quan-
tity. The general characteristics of these tubes are quite similar to
those quoted for the two specific examples given above. These two
examples were cited primarily to indicate orders of magnitude and to
illustrate the basic difference between the two-resonator amplifier, which
has a figure of merit comparable to the triode (25 in this case), and the
cascade amplifier with a figure of merit of 800.

A price is paid, of course, for this increase in ¢ Af; primarily, the price
is a decrease in bandwidth and an increase in tuning inconvenience
in adding an additional high-Q resonator. This same increase of tuning
inconvenience occurs in going from the microwave triode, which has one
low-Q circuit, to the two resonator klystron. In either case, the presence
of more than one high-@ circuit makes a simultaneous tuning of these
circuits difficult and makes tuning adjustments sensitive to changes in
surroundings. This difficulty is greatly reduced if some gain is sacrificed
by use of stagger-tuning or additional loading; and a sacrifice of gain is
much more palatable in a cascade amplifier than in a single-stage ampli-
fier. These considerations of tuning also suggest that klystron amplifiers
are particularly adapted to fixed-frequency application.

A klystron power amplifier may easily be amplitude modulated by
modulation of the beam current, with no accompanying phase modula-
tion, although no klystron amplifiers have been constructed with high-mu
control grids for this purpose. Phase modulation may be obtained by
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modulating the beam voltage and thus the time of transit of the bunches
from the input circuit. If beam current modulation accompanies the
voltage modulation, amplitude modulation is present in the output signal.

2-3. Frequency Multipliers.—The ultimate standard of frequency at
conventional wavelengths has long been the quartz-crystal oscillator, by
means of which frequencies are referred back to the mechanical vibration
frequency of a quartz crystal. Much of the work that has been done on
frequency multipliers at microwaves has been motivated by the need for
microwave frequency standards, the output frequency of which is an
integral multiple of a quartz-crystal frequency. Such an arrangement
provides the best primary frequency standard at present; as a secondary
standard, the frequency multiplier has strong competition in arrange-
ments by which frequencies are controlled with reference to a standard
cavity.

A second and more transient application of frequency multipliers
has been their use as a source of signal-generator power in the initial
stages of exploring a new band of microwave frequencies. In several
instances when oscillators have not been immediately available at new
frequency bands, it has proved practical to obtain useful amounts of
power by frequency doubling or tripling from previously established
bands.

Frequency multipliers with output frequencies up to 1000 Mc/sec
have commonly utilized various combinations of triode doublers and
triplers. Frequency multipliers at higher output frequencies have
usually been either frequency-multiplier klystrons or arrangements
utilizing the nonlinearities of detecting crystals; but in at least one instance
the British have used a CV90 (planar triode), driven at 18 cm, to provide
useful output power at 6 cm. As between klystrons and detecting erys-
tals, the klystron is a more high-powered device which possesses the
capability of electronic control and may be modulated advantageously.
Muitipliers using detecting crystals do not involve the development of a
new vacuum tube, and hence are especially suited to use as emergency
signal generators at new frequencies.

Since very little work has been done on the use of microwave triodes
as frequency multipliers with output frequencies at 3000 Mec/sec or
above, further discussion will be confined to the utilization of klystrons
and erystals for this purpose.

Frequency Multiplication by Klystrons.—As is discussed in Sec. 9-2,
the basic feature that makes the klystron an excellent frequency multi-
plier is the presence of a driving-current waveform which has sharp dis-
sontinuities and which is, therefore, very rich in harmonics; this is
o marked contrast to the triode. The amplitude of the m* harmonie in
he klystron driving current should drop off, theoretically, as m=; in
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one experimentally observed case, as noted in Sec. 11-2, it appears to
decrease as m~% for 10 < m < 30. The harmonic content is high enough
so that practical applications have utilized frequency-multiplier klystrons
working on the twentieth harmoniec.

These applications have not, so far, involved quantity production.
Most of the work done on multiplier klystrons has been aimed at the
development of tubes which, in association with cascade-amplifier klys-
trons, would provide tens of watts of crystal-controlled power for c-w
transmitters. The nature of the klystrons developed for this purpose is
dependent on the gain of the amplifiers to which the output of the multi-
plier is fed, and is dependent on the tubes which are available for the
preceding stages of multiplication. In the present state of high-frequency
triode development, the optimum input frequency for a klystron multi-
plier is probably in the 750-1000 Mc/sec range; many of the earlier
klystron multipliers have an input frequency in the vicinity of 300 Mc/sec.
Such multipliers provide tens of milliwatts output power on the tenth to
twentieth harmonics, at efficiencies of the order of one-half per cent.
This output power provides sufficient drive for a high-gain cascade
amplifier.

The input r-f power required to drive a multiplier klystron is, how-
ever, quite appreciable, and may be of the order of watts for the tubes in
question. It has, therefore, been found economical in some cases to use
a second cascade amplifier at the output frequency. This allows a large
reduction in total d-¢ power consumption; it also allows loading and
stagger-tuning for increased bandwidth and stability.

Utilization of Reference Cavities as Frequency Standards.—While this
subject does not strictly come under the heading of ‘“frequency multi-
pliers,” it is nevertheless relevant as an alternative means of accurate
frequency control. Reference cavities derive their absolute calibration
from multiplied quartz-crystal frequencies as the primary standard; but
they appear, in many cases, to be rather more convenient than the latter
for use as practical secondary standards. This fact depends in large
measure on the circuits that have been developed for controlling the fre-
quency of an electronically-tuned oscillator with reference to a resonant
cavity; for further details on this subject the reader is referred to Chap. 2
of Vol. 11 of this series.

Frequency Multiplication in Detector Crystals.—The rectified current
that flows in a detector crystal possesses harmonics of the input frequency.
With proper circuit arrangements these harmonic current components
may be made to deliver appreciable power to a transmission line. A
typical arrangement for accomplishing this is shown in Fig. 2:1. The
input line to the crystal is so dimensioned that it supports only the low-
est coaxial mode at the frequency in question; it is then fitted with chokes
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which prevent any harmonic power from flowing into this line. The
output line, on the other hand, is a waveguide which transmits the har-
monic but does not transmit the

fundamental frequency. The ad-
justableshorts are necessary to adjust ( Harmonic waveguide;
the standing waves in the vicinity of Crystal '[ cutoff at fundamental

the crystal. Such an arrangement,
with optimum adjustment, has given % \% {E —=~Harmonic
10 mw output power at 20,000

Mc/sec with an input power of 100 _ >~ Chokes
mw at 10,000 Mc/sec. '
In some instances—as for refer- Fundamental

Fig. 2-1.—R-f circuit for frequency dou-

ence frequency standards—a much Dling in crystal detootor.

smaller amount of output power is

satisfactory. For such applications, silicon crystals have been used to
generate a few microwatts of power at 5000 Me/sec when driven by about
one watt of power at 100 Mec/sec.

2-4. Oscillators.—As has been already noted, the principal applica-
tion of the tubes with which this book is primarily concerned has been
as free-running oscillators. The various applications have placed rather
varied requirements on oscillator performance; hence the discussion will
be turned immediately to the tube types, without further generalization
about oscillators as a class in themselves.

Triode Oscillators.—One of the primary advantages of these oscil-
lators.is that they provide a signal which is stable in frequency without
the necessity for complicated regulation of the power supply. The
vacuum tube is in itself basically simple in form; but this fact is offset
by a number of complications which arise in connection with the external
circuit. Typical of microwave triodes which are adaptable for use up to
3500 Mec/sec are the 2C40 and the 2C43 lighthouse tubes; numerical
data for these two tubes will serve to indicate several characteristics of
triode oscillators. @

Of the two tubes mentioned, the 2C40 has the smaller dimensions and
therefore lends itself to low voltage applications such as a receiver local
oscillator or a bench signal generator. At 3000 Mec/sec and 250 volts
the 2C40 provides about 100 milliwatts output power at 2 per cent effi-
ciency. It may also be pulsed to 1500 volts with a peak output power
up to 150 watts. The 2C43 is intended primarily for higher-voltage
operation; at 3000 Mc/sec it operates with 20 to 25 per cent efliciency
when pulsed with a plate voltage of 3000 volts. These tubes are most
commonly used in an external ‘““reentrant’ eircuit which is described in
some detail in Chap. 7; this circuit provides a strong feedback from tank
circuit to input r-f gap, as is made necessary by the fact that at 3000
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Me/sec these triodes have a gain not much greater than unity when they
are operated as amplifiers with no feedback.

Little work has been done on the modulation of microwave triode
oscillators, aside from pulse modulation. Since the phase of the elec-
tronic transadmittance is determined by the finite electron transit time
in the grid-cathode and grid-plate regions, this phase varies with plate
voltage and a corresponding small variation of frequency with plate
voltage is present; but since the total transit time is small (only about
# radians at 250 volts plate voltage in the 2C40), a large voltage change
is required for a small frequency change. This is, in fact, one of the great
advantages of triode oscillators for many applications. Frequency modu-
lation by means of reactance tubes seems to have possibilities, but this
question has not been investigated in detail. Amplitude modulation of
microwave triodes is even more an unknown field. It is to be expected
that post-war applications will bring about a thorough exploration of
these modulation questions.

Two-~cavity Klystron Oscillators.—These are a simple generalization of
the klystron amplifier, with feedback provided from output to input
circuit. Since klystron amplifier gain is sizable, a much weaker feedback
is required than in triode oscillators, and the two circuits do not lose
their identity. Both circuits possess an inherently high @; hence the
adjustment of these two circuits to the same frequency, and their simul-
taneous tracking in any subsequent tuning, present practical difficulties
in tunable operation.

Early in the development of pulse radar there was some development
in Britain of two-resonator klystron oscillators as fixed-tuned pulsed
transmitters. Efficiencies of 20 per cent and peak output powers of tens
of kilowatts were obtained at 12 kv and 3000 Me/sec; but further devel-
opment was overshadowed by pulse magnetron development. Typical
c-w operation at lower voltages is provided by the type 410R, a general-
purpose tube which has external feedback and hence may be used also
as®n amplifier. This operates at 2000 volts and 3000 Mec/sec with
15 watts output power and 8 per cent efficiency, when loaded and tuned
for maximum efficiency. (See Chap. 11.)

Klystron oscillators in general are characterized by the existence of
discrete ‘‘modes of oscillation”; ““mode” is used here not in the coupled
circuit sense, but in the sense of denoting certain limited regions of elec-
trode voltage within which oscillation occurs. (In a two-resonator
oscillator this electrode voltage is the beam voltage.) Within a given
mode the frequency of oscillation changes continuously from one end
of the mode to the other as electrode voltage is changed; the total change
in frequency thus available between the two half-maximum-power points
of a mode is called the ““electronic tuning range’ for that mode.
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This feature lends itself to frequency modulation; the only disad-
vantage is that the modulation must be applied to a low-impedance elec-
trode. By variation of relative resonator tuning and feedback a given
ogcillator may be adjusted either for maximum efficiency and minimum
electronic tuning range (maximum stability) or for a lower efficiency and
a larger electronie tuning range. There are enough adjustable param-
eters available so that, in the latter case, the amplitude of oscillation
may be made practically independent of frequency over most of the elec-
tronic tuning range. Thus for the above example of the 410R, with
adjustment for maximum output power, the electronic tuning range
between half-power points is 5 Mc/sec; adjustment of feedback and rela-
tive tuning of the resonators reduces the output power to 8% watts but
allows electronic tuning over a range of 11 Mc/sec with only a 15 per
cent decrease in output power below maximum.

Reflex Klyston Oscillators.—The reflex klystron oscillator utilizes only
one resonant, circuit; in this feature, as already noted in Chap. 1, lies one
of its greatest advantages.

One consequence of this change to a single resonator is an efficiency
which is inherently lower than in the two-resonator oscillator. Thus
in the 723 family of reflex klystrons, the category manufactured in the
largest quantity during the war, the output powers for the most commonly
used mode at 300~volt operation range from 30 milliwatts at 9000 Mec/sec
to 150 milliwatts at 3000 Mc/sec, corresponding to efficiencies of 0.5 and
2.3 per cent respectively. These powers are, however, quite adequate
for receiver local-oscillator operation; and the input d-¢ power is small
enough so that the low efficiency is of no importance.

An additional consequence of the change from two to one resonator,
and one which is intimately related to the decrease in efficiency, is an
increase in electronic tuning range. Furthermore, electronic tuning
may now be accomplished by changing the voltage of the reflector, a
high-impedance electrode which draws no current. To continue with
numerical characteristics for the 723 family, electronie tuning range® of
approximately 45 and 30 Mec/sec are obtained at operating frequencies
of 9000 and 3000 Mec/sec; these tuning ranges require reflector voltage
changes of 20 and 33 volts respectively.

This electronic tuning behavior is the second great advantage of the
reflex klystron. Its most useful contribution in the past has been to
make possible automatic frequency control in radar receivers; by means
of continuous automatic control of the local oscillator frequency, the
receiver is constantly tuned to the transmitter. The electronic tuning
properties of the reflex klystron also make it very adaptable to frequency-
modulation communications work at microwaves. The reflex klystrons
which were developed for quantity production during the war were
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intended to be used as local oscillators; progress on other types initiated
at a later date has shown that performance with efficiencies of 6 or 8 per
cent, output powers of 10 watts, and percentage electronic tuning ranges
larger than those quoted above, is quite possible. This suggests strongly
the future use of reflex klystrons as frequency-modulated communica-
tions transmitters.

Secondary-emission Reflex Oscillators.—The reflex klystron will often
operate with the reflector at voltages positive as well as negative with
respect to the cathode. Under these conditions the normal process of
bunching is interrupted and some or most of the electrons collide with
the reflector instead of being reflected; any secondary electrons resulting
from this process will form a secondary beam which returns to the
resonator. The primary beam, when it strikes the reflector, will be
already amplitude-modulated by the usual velocity-modulation and
bunching action; and if the reflector is a strong secondary emitter, a
similarly amplitude-modulated and much intensified secondary beam will
be returned through the resonator.

This principle has been utilized in developing an oscillator which
operates at 3000 Mc/sec and 2000 volts, with output powers from 5 to
25 watts and efficiencies from 3 to 5 per cent.! The primary current is
controlled by a high-mu control grid; modulation of this grid voltage
produces output modulation which may be largely amplitude or largely
frequency modulation, depending on the particular operating point.

In view of the fact that the properties of secondary emitters are not
completely stable with respect to time, and since it appears that con-
ventional reflex klystrons with similar output powers and efliciencies and
cleaner modulation characteristics will shortly become available, it is
not anticipated that these secondary-emission oscillators will receive
extensive development. They will not be discussed further in this book.

Osctllator-buffer Klystrons.—As in low-frequency practice, it is often
useful to have a free-running oscillator separated from the eventual load
by”an intermediate buffer stage; such an arrangement will, for example,
prevent changes in the load from having any effect on the frequency of
oscillation. Such isolation may be obtained with the two-resonator
klystron oscillator by adding a third resonator through which the electron
beam passes after leaving the two resonators which constitute the free-
running oscillator. Any detuning of the third resonator, which is not
coupled to the first two, will have no effect on oscillation frequency.
On the other hand, if the length of the drift space between second and
third resonators is small, the harmonic content of the beam is not greatly

1C. C. Wang, “Velocity Modulation Oscillators with Secondary Emission

Current,” Engineering Report 185, Westinghouse Electric and Mfg. Corp., Bloomfield,
N.J, Oct. 10, 1944,
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altered as the beam passes from second to third resonator; and with
proper adjustment the maximum power obtainable by coupling a load
to the third cavity is nearly as great as the maximum obtainable (with
different adjustments!) from the second cavity. The prototype of the
oscillator-buffer klystron is the type 2K34, which is derived from the
type 410R in the manner described above.

Because of its basic connection with the two-resonator klystron oscil-
lator, the oscillator-buffer klystron is not further discussed in this book.

Floating-drift-tube Klystron Oscillators.—By fusing into a single two-
gap resonator the first and second resonators of a two-resonator klystron
oscillator—as, for example, by removing the conducting walls that sepa-
rate these two resonators—many of the circuit tuning problems which
beset the two-resonator oscillator are dispensed with. The resulting
oscillator should have the tuning convenience of the reflex klystron; at
the same time, by choice of gap dimensions when the tube is designed,
the ratio of input-gap to qutput-gap voltage may be adjusted to any
desired value and the oscillator may thus be given the electrical charac-
teristics of either the reflex or the two-resonator klystron. On the other
hand, the drift-tube must still be provided with mechanical and thermal
contact with the external tube envelope although there should be no
r-f electrical connection. This latter point introduces difficulties, such
as parasitic resonances in the various means used for supporting the
drift tube.

The most commonly known example of a floating-drift-tube oscillator
is the 2K40, formerly the 1280CT, which utilizes an external cavity and
is thus tunable over a wide frequency range up to 10,000 Mc/sec.

While this category of oscillator seems to have many advantages, it
has not received any extensive development; and since the operating
principles are straightforward modifications of those used with reflex and
two-resonator klystron oscillators, the floating-drift-tube oscillator will
not be further discussed in this book.

The Heil Tube.—This designation is applied to a klystron which is
closely related to the floating-drift-tube oscillator. A ribbon-like elec-
tron beam is maintained in this form by magnetic focussing and is passed
through a coaxial line, the axis of which lies in the plane of the electron
beam. The electrons of the beam thus enter the coaxial line in a direc-
tion perpendicular to the axis, passing from outer to inner conductor;
they then pass through the interior of the center conductor, during which
time they are shielded from any r-f fields which exist in the coaxial line;
and finally they pass from inner to outer conductor. The coaxial line
thus serves as input and output gap, and the interior of the center con-
ductor serves as field-free drift space. In one direction from the electron
beam the coaxial line is short-circuited at a point approximately a
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quarterwave away; in the other direction it leads, through appropriate
transformer section of line, to the external load.

When operated in the manner described, with a single one-way transit
of the coaxial line, performance is obtained which is comparable to that
of a reflex klystron operating at the same frequency, voltages, and transit
time. The oscillator may, however, be operated with the electron beam
reflected for multiple transits of the coaxial line. This gives rise, in a
typical case, to an increase in efficiency by a factor of four; but it also adds
considerable noise component to the output signal.

The development of Heil tubes has been limited to Standard Tele-
phones and Cables, Ltd., England; the initial tube type, from which many
others have followed, is the Type S22A. Since these tubes have not
been used at all in the United States, and since their principles of opera-
tion are basically similar to those of other klystrons, the Heil tubes will
not be further discussed in this book.

Monotrons.—This is a general name given to devices based upon the
principle that a d-c electron beam, passed once through a single resonant
cavity, may excite oscillations in this cavity.!

Oscillation may occur when the number of cycles transit time through
the resonator is between n and (n + %) cycles, where n is an integer.
The monotrons that have been constructed have had low efficiency;
and although they have certain interesting theoretical aspects, including
the possibility of high efficiency, no work has been done on them in
recent years. They are not discussed further in this book.

L F. B. Llewellyn and A. E. Bowen, ‘‘Ultra-high-frequency Oscillations by Means
of Diodes,” Bell System Tech. Jour., 18, 280 (1939). J. Marcum, “Interchange of
Energy between an Electron Beam and an Oscillating Electric Field,” J. App. Phys.,
17, 4 (1946).



CHAPTER 3
BASIC ELECTRONIC PHENOMENA AT HIGH FREQUENCIES

By J. K. Kxipp

A simple electronic device is composed of several circuits coupled by
an electron beam. At microwave frequencies the circuits are cavity
resonators. One part of each resonator is a gap that forms the capacitance
of the circuit; the remainder is a space that provides the inductance and
usually contains a loop, a probe, or a window for the introduction or
removal of r-f power.

Most microwave tubes have planar grid structure. In the usual
triode or tetrode the gap of the input circuit is formed by a plane cathode
and a parallel grid; the gap in the output circuit is formed by a plane
grid and a parallel anode. In klystrons the gaps are constructed of
parallel grids or of parallel plates containing one or more holes to allow
for the transmission of the beam; a common grid is the radial fin grid
illustrated in Fig. 4-1.

In addition to gaps formed by closely spaced grids, which are integral
parts of the circuits, the electronic portion of the tube can have regions
that are relatively free from r-f fields. Thus the tetrode has a grid-
separation region between input and output circuits; this region is formed
by the grid of the input terminal and the grid of the output terminal
and can serve to shield the input cireuit from the output circuit. In the
klystron an electron gun accelerates the electrons before they enter the
first gap. Between the two gaps of a two-cavity klystron there is a
drift space in which bunching occurs. A reflex oscillator has a reflector
region where electrons are reflected by a negative field and in which
bunching takes place.

The gaps of all such planar tubes are lined up along the axis of the
tube. The electron beam extends along the axis and passes through the
various regions. The resonator fields produce a number of effects in
the gaps. The gap voltage in the input terminal of a triode or tetrode
generates an r-f beam current that can be used to excite the output
circuit with a net gain of r-f power, the extra power being supplied by
the d-c fields. An r-f field is introduced by feedback at the first gap of a
two-cavity klystron oscillator, which modulates the high velocity of the
electrons of the beam; in the drift region this velocity modulation gener-
ates density modulation, and the resulting r-f current excites the output
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circuit. The net effect is that some of the d-¢ energy of the beam is
converted into r-f energy of the output circuit. In a reflex oscillator the
same effect is obtained with a single resonator by returning the electrons
to the gap after the initial velocity modulation has had time to generate
sufficient density modulation; feedback is unnecessary.

Since the gaps are regions in which the electric fields are strong, a
tube is so designed that the beam must pass through the gaps rather
than elsewhere in the resonators; thus large coupling between beam and
resonator is obtained. In addition, the use of narrow gaps shortens the
time spent by the electrons in the r-f fields. This short transit time is
desirable since a time of transit of any gap greater than half a cycle
considerably reduces the coupling between beam and resonator.

The basic phenomena occurring in circuits composed of cylindrical
reentrant cavity resonators—the type used in klystrons and microwave
triodes and tetrodes—are discussed in Chap. 4. One important char-
acteristic of such a circuit is that the response of the resonator (as meas-
ured, for instance, by the amplitude of the gap voltage) to the beam
regarded as a driving current can be represented by the use of a circuit
admittance, or impedance, which is determined by the nature of the
cavity and its connections. Moreover, the beam current that is effective
in driving the resonator is the current actually present in the gap. The
circulating current in the cavity is the sum of the conduction and dis-
placement currents in the gap. This sum of the electron current and the
time rate of change of the electric flux in the gap is the total current; it is
directly proportional to the magnetic field at the edge of the gap and
thereby determines the degree of excitation of the resonator fields.

The effect of the beam on the resonator has its counterpart in the
action of the resonator on the beam. The beam currents generated by
gap voltages are described with the use of electronic admittances and
impedances. The gap fields are effective during the entire transit of
the gap. The total current is space-constant in a uniform gap. The
driving current bears a simple relation to the total current and the gap
voltage.

In addition, there are a number of purely electronic effects that enter
into the description of the beam. The most striking of these are phe-
nomena associated with finite times of passage and velocity modulation.

3-1., Phenomena of Particular Importance at High Frequencies.—
In microwave tubes the important electronic effects arising from the
high frequencies used are all related in one way or another to the fact
that the time of passage of the beam electrons through any part of the
tube is at least comparable to, and in many cases much larger than,
the period of oscillation of the tube.

As examples, some possible three-centimeter tubes, with a frequency of
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10% ¢ycles/sec and a period of one ten-thousandth of a microsecond, might
be considered. In the input terminal of an r-f amplifier a gap spacing
of 2 X 107% cm might be used. The average velocity of electrons reach-
ing the grid would not be more than a few multiples of the mean thermal
velocity of electrons from the cathode, which is 1.65 X 107 cmn/sec at
1160° K. Hence the average time of transit is about the same as the
period of the r-f oscillation. In the output terminal of the amplifier,
the gap spacing might be 10~2 cm. The average velocity of the electrons
while in the gap might correspond to an effective beam potential of
300 volts, which is a velocity of 10° em/sec. The time of transit of the
output circuit would be one-tenth the period of oscillation. It is probable
that a gap spacing which is somewhat larger would be desirable in order
to reduce resonator losses. In klystrons effective gap spacings of
5 X 1072 ¢m are common, which at a beam potential of 300 volts have a
time of transit of one-half cycle. The length of the drift tube between
the gaps of a two-cavity klystron depends on the number of cycles of
drift time needed to produce the desired bunching. At 300 volts the
electrons drift ;'5 em per cycle. In the reflector region of the reflex
oscillator the depth of penetration is about £ cm per cycle spent in the
region; the extra factor of ¢ arises from the fact that the distance is
covered twice and the average velocity is one-half the velocity at entry.

Transit Angle—It is customary to express transit-time effects in
terms of the transit angle,

0 = 2nfT = T,

where f is the frequency of the oscillation, 7 is the transit time under dis-
cussion, and w = 2f is the angular frequency. If the transit time is one
cycle, the transit angle is 27 radians, or 360°.

Density Modulation and Beam-coupling Coefficient.—A beam composed
of electrons, all of which have the same velocity, contains only a d-¢
current if the charge density is uniform. If, however, the charge density,
at any instant of time, varies periodically down the beam, and if the
electric forces tending to change the electron velocities are negligible,
the entire periodic configuration of the beam moves along unchanged
with the electrons. The current passing through any plane perpendic-
ular to the axis undergoes periodic changes; the frequency is given by
the rate at which density maxima pass that plane. The phase differ-
ence between the currents at two parallel planes is the transit angle for
the passage of the electrons from the first to the second plane. Such a
beam is said to be ‘““density-modulated.”

Because of the finite gap transit time, the current of a density-modu-
lated beam has a spread in phase in the gap equal to the transit angle of
the gap. The driving current is the beam current that is effective in the
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interaction with the gap fields. In a uniform gap it is the average cur-
rent in the gap at any instant, provided the resonator is excited in the
principal mode; the average is a space average. Because of the phase
difference of the contributions of the different elements of the current,
partial cancellation takes place in the driving current. For a simple
density-modulated beam the driving current has the effective phase of
the current at the center of the gap and an amplitude reduced from the
amplitude of the density modulation by the beam-coupling coefficient

S~

sin o

9
2

I'eo

M =

The beam-coupling coefficient is unity for zero transit angle, decreases
to zero at 8 = 2r, becomes negative, and oscillates about zero with
decreasing amplitude for increasing §; see Fig. 3:3. The fact that the
driving current is zero at § = 2r is understandable because, for this
value of the transit angle, half the beam current in the gap is exactly
out of phase with the other half. As the number of cycles of transit time
is increased, there is a general trend such that less and less of the current
is left uncanceled, causing the beam coupling to fall off inversely with the
transit angle. In addition, the cancellation is periodically complete, and
the driving current is periodically zero.

Velocity Modulation.—Consideration is now given to the action of an
oscillating gap field on a beam whose charge density is uniform and
whose electrons initially (that is, on injection into the gap) have the
same velocity. If the gap transit angle is negligibly small, the electrons
make the transit in the instantaneous field, which is essentially static.
They gain or lose energy in an amount equal to the electron charge
times the instantaneous voltage across the gap. The beam emerges from
the gap uniform in density but velocity-modulated; that is to say, the
velocity of the electrons leaving the gap varies periodically with the fre-
quency of the gap voltage above and below the velocity of the electrons
on entering the gap.

If, on the other hand, the transit angle is not negligible—that is, if
the transit time of the electrons is comparable to the period of oscilla-
tion of the gap field—the electrons of the beam no longer move in a field
that is approximately static. Instead they move in a field that changes
during the time of transit of the gap. The energy change on emerging
from the gap is no longer given by an instantaneous potential difference.
However, if extreme values of the energy change are small compared
with the total energy of the electron, a voltage that is effective in the
energy change, and hence in the velocity modulation, has the phase of
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the field when the electron is at the center of the gap and an amplitude
sin (6/2)

6/2
by the beam-coupling coefficient. Since this factor enters in the modula-
tion of the beam, it is sometimes referred to as the “modulation coeffi-
cient.” That the same factor enters in the beam coupling as in the
velocity modulation is not surprising, since in each case an average of a
periodic quantity is effective.

During the passage of an electron through the gap the phase of the
gap voltage changes by an amount equal to the transit angle. If the
energy change is small, the average of the gap voltage during the time
of transit is effective. If the transit angle is 2, the electron spends one
complete cycle in the gap and is decelerated by the gap field for the
same length of time that is it accelerated; hence the effective gap voltage
is zero. As the number of cycles spent in the gap is increased, there is a
general trend to leave a shorter and shorter time for the net acceleration
or deceleration; in terms of voltages a smaller fraction of the total gap-
voltage amplitude is effective, and the modulation falls off inversely with
the transit angle. In addition it is periodically zero since the times of
acceleration and deceleration are periodically equal.

Generation of Density Modulation by Drift Action.—Two high-fre-
quency effects arising from the finite transit angles occurring in miero-
wave tubes have been described thus far: the reduction in coupling
between beam and resonator caused by partial cancellation in phase of
the gap current, and the reduction in modulation of the beam by the
gap voltage because of the change in the acceleration of the electrons
during their transit.

A third effect, that is fundamental to all klystron operation, is the
generation of density modulation within a beam that is velocity-modu-
lated. The density modulation is produced through drift action. Such
a process, which is called ‘“bunching,” is based on the fact that a beam
of electrons that are periodically slower and faster than the average will,
during the passage of time, tend to undergo density changes. Bunches
are formed about alternate groups of electrons having the average
velocity. Those groups form the centers of the bunches for which the
electrons in advance are moving more slowly than average and the elec-
trons to the rear are moving more rapidly than average. The resulting
density modulation has the periodicity of the velocity modulation; hence
the density modulation gives an r-f current of frequency equal to the
frequency of the voltage that produced the velocity modulation, as well
as the harmonics of this frequency. Tt is significant that, except for
complicating effects that are due to space charge, density modulation
tends to persist down the stream and does not, in itself, produce velocity

equal to the gap-voltage amplitude reduced by M = , that is,
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modulation; it is significant also that velocity modulation tends to per-
sist down the stream, though not unchanged, and generates density
modulation.

Influence of Electrons on Electrodes.—A fourth effect—one that is also
closely associated with the finite time of transit of electrons—is the effect
that the electrons exert on the opposite grid or anode as soon as they
enter the gap, and which continues as long as the electrons remain in
the gap. It is entirely misleading to think of a grid current as being
formed by the electrons collected by that grid, because a charge within a
gap induces a charge on the grid in an amount that increases as it draws
nearer to the grid. As it moves about in the gap the amount of induced
charge changes; the rate of change is the current flowing to or from the
grid. If the electron hits the grid, the current stops; if it passes through
the grid, a charge is induced on the opposite side of the grid, the rate of
change of which depends on the motion in the region where it now finds
itself; the current to the grid reverses on passing through the grid. Also,
if instead of reaching the grid the electron is reflected, the current to the
grid is reversed.

Displacement Current.—The rate of change of electric flux through
any plane in the gap is called the ‘‘displacement current” in the gap. If
the gap is empty, the flux arises from the charges collected on the elec-
trodes, and its rate of change is the current flowing to and from those
electrodes. However, if there are electrons in the gap, some of the
flux has its source in the additional charge induced on the electrodes,
and lines flow from that charge to the charge in the gap. As the elec-
trons move about in the gap, the total flux through any plane changes,
as indeed does the division between the electrodes of the charge induced
by the electrons. Hence the flux through any plane changes; this change
is an additional contribution to the displacement current.

Total Current.—The sum of the conduction current and displacement
current through any plane in the gap is the total current through that
plane. It has the remarkable property that in a narrow gap it is very
nearly space-constant across the gap and is equal to the current that
flows along the walls of the resonator to the electrodes. It is sometimes
called the circulating current or the current in the outside circuit. Any
deviation from constancy in the gap is due to fringing of the electric
field at the edges of the gap, and corresponds to current flowing not to
the gap but to areas on the walls of the cavity outside the gap.

The total current has additional significance for a circuit formed of a
cavity resonator in that, if the gap is narrow, the total current through
the gap is equal in magnitude to the magnetic field at the edge of the
gap. This follows from the field equations giving relations between the
fields and the currents and charges in the resonator. From this relation
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between total current and magnetic field, the cavity excitation is estab-
lished, as is shown in Chap. 4.
The total current density at any point of a vacuum is

J + € %—Et)

where J is the conduction-current density in amp/meter? e, is
(1/36x) X 10~° farad/meter, and E is the electric field in volts/meter.
It is of interest to compare the two current densities in a particular case.
Suppose that an r-f current of 2 X 10~% amp flows in a uniform beam
with a cross-sectional area of 5 X 10~% cm?. The r-f conduction current
density is 400 amp/meter?. Suppose also that the r-f gap voltage is
36 volts and that the gap depth is 10~2 ¢cm. The average field is 36 X 10¢
volts/meter. Let the frequency be 10 cps. Then the displacement-
current density is 2 X 10° amp/meter?. It is very large compared with
the electron current density because of the numbers chosen, and in
particular because of the high frequency.

Even if the total current in the gap is space-constant, the conduction
and displacement currents separately need not be, for they can vary
across the gap in such a manner that their sum is space-constant.

3:2. Current Induced by a Moving Charge.—The presence of charge
in a region between parallel conducting planes causes charge to be

0 ] 0 x d
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. L E. |
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Fia. 3-1.—Lines of electric flux in uniform gap containing (a) )no charge and (b) in same gap
containing uniform sheet of charge of total amount —g.

induced on those planes in total amount equal to the negative of the
charge between the planes. Unless the charge is symmetrically distrib-
uted on both sides of the midplane, the induced charge is not equally
divided between the two planes. If the planes are connected through
an outside circuit, the charge between the planes in moving about in the
gap causes the induced charge to redistribute itself, and current flows
through the cireuit.

Charge on Electrodes.—If, for example, the potential between the planes
is fixed and the gap is so narrow that fringing is negligible, and if —@Q
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and Q are the total charge on the plane electrodes in the absence of
charge in the region (see Fig. 3-1), the total flux is Aeg E = — @, where A
is the area of the gap and E is the electric field. If a uniform sheet of
total charge —g¢ is introduced at the plane z and the gap voltage is the
same as before introduction, additional charges ¢o and ¢4 are induced on
the two planes with ¢ = ¢qo + g4 If Eqis the field to the left of the sheet,
the total flux to the left is AegFo = —Q + ¢o; similarly, if E, is the elec-
tric field to the right, AeEs = —Q — ga- The gap potential is
—Ewx — Ei(d — ) = —Ed, where d is the separation distance of the
electrodes. From these relations it follows that

d —
qo = d xQ; qd:sq' (1)

Thus, the charge induced is greater on the near plane and that on either
plane is proportional to the distance to the other plane.

If instead the charge in the gap is concen-
trated in the meighborhood of a point a dis-
tance x from the first electrode, the lines of
flux are not parallel, as in the above case, but
q°=‘fiiq 9,=%9 converge upon the point as illustrated in Fig.
3-2 (in this figure the gap voltage is assumed
to be zero). However, the distribution of
induced charge between the two electrodes is
unchanged, although the charge on either elec-

% 1 %Y trode is no longer uniformly distributed. In
Fig 82—Lines of clectric this case also the additional charges on the
ux to point charge —gq. .
electrodes are given by Eqs. (1), as can be
shown by the method of images.

Current Induced in the Circuit.—As the charge in the gap moves,
induced charge flows from one to the other of the electrodes through the
circuit. The current in the circuit is

0 = d

v

I=21-Q+ql=-210+al=-0-14 @

where v = dz/dt is the velocity of motion of the charge in the gap and Q
is a current which is determined by the outside circuit and the initial
conditions (the gap voltage is merely Qd/Ae,).

Conduction and Displacement Currents in the Gap.—Consider first the
displacement current in a plane to the left of the plane z, which is the
plane containing either the sheet of charge or the point charge —g. The

displacement current is / dSep aa—li’, where the integration is over the
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plane to the left of z and E, is the component of the electric field per-
pendicular to that plane. Now [dSeZ, is the electric flux through that
plane; since the lines of flux either end up on the first electrode or return
through the plane in passing to the second electrode, the total flux is
just the charge on the first electrode. Hence the displacement current

in a plane to the left of z is —Q — gq, by Eqgs. (1). Similarly, it
can be shown that the displacement current to the right of z is also
-0 - g g. Thus it is seen that, in any plane to the left or right of the
charge, the displacement current is just the current in the circuit.

The fixed plane through which the charge —¢ is moving at the moment,
is considered next. Suppose the charge moves a distance Az in time
At and is at the plane x — Ax/2 at time ¢t — Af/2. The average conduc-
tion current, regarded as spread over a time Af, is —¢/Af. The change
in flux through the plane x is

d— _ Az Az
T ¥ 2 Ax
—AQ + 3 ¢t —g 1=~ +|1l-7F)q

Hence the average displacement current—that is, the rate of change
of flux regarded as spread over a time A{—is

_AQ g v
at Taiad?

The sum of the average econduction current and average displacement

current is — @ — g g, since the conduction current is just canceled by

an opposite term in the displacement current, a term arising from the
interception by the plane of all the lines of flux to the charge as it passes
through the plane.

Total Current—This simple example illustrates the proposition that
the total current, whether it is the current in the circuit or the sum of
the conduction and displacement currents in the gap, is space-constant
across the gap and has the same value all the way around the circuit,
with the gap as the closing element in the circuit.

3:3. Modulation of the Beam.—The beam as it enters a gap has prop-
erties that are dependent on the time, for it may have been modulated
in passage through other resonators and, in any case, it contains fluctua-
tions that are due to noise. Likewise, as it leaves a gap, its properties
are dependent on the time. A description of the properties of the beam
at any place in the gap is given by the distribution in the velocity of the
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passing electrons. This distribution depends on the time. A discussion
of the beam explicitly in terms of the velocity distribution is given in
Chap. 5.

The most important time-varying properties of a beam are its density
modulation and its velocity modulation. Density modulation is the
harmonic portion of the electron current; density modulation is current
modulation. Velocity modulation is the harmonic portion of the average
electron velocity.

These two properties can change from place to place in the beam.
As has been indicated in Sec. 3-1, a density-modulated beam contains
bunches. If the velocities of the electrons are the same, these bunches
move along with the electron velocity, undisturbed except by outside
fields and spreading forces resulting from space charge. A velocity-
modulated beam becomes bunched even though originally smooth
because, in such a beam, the velocities vary periodically above and below
the average velocity and, therefore, the electrons tend to gather into
bunches as they move down the stream. Hence a velocity-modulated
beam becomes density-modulated by drift action alone. If the velocity
spread is negligible and if the velocity modulation is but a small fraction
of the average velocity, the velocity modulation tends to persist down the
stream, disturbed only by outside fields and forces that are due to space
charge. It is, however, accompanied by a changing density modulation.
Thus, both density and velocity modulations tend to persist down the
stream, and velocity modulation generates density modulation.

In passing across a gap the time-varying properties of the beam change
because of its initial velocity modulation and also because of the elec-
tric field of the gap. In its effect on the momentum of the electrons,
the r-f gap field produces velocity modulation and, in modulating the
time of passage of the electrons, it bunches the electrons and in this
manner produces density modulation.

In a gap the sources of modulation are two-fold: (1) that present in
the beam on entering the gap, and (2) that produced by the gap field.
The density modulation results from (1) density modulation at injection,
(2) velocity modulation at injection generating density modulation
through drift action, and (3) modulation of the time of passage by the
gap field producing density modulation. The velocity modulation results
from (1) velocity modulation at injection, and (2) the periodic accelera-
tion and deceleration of the electrons by the gap field.

The coupling between the beam and the resonator takes place through
the modulations of the beam, for the density—that is, current—modu-
lation excites the resonator fields, and the resonator fields produce both
the velocity and the density modulations. The modulation of the beam
ag it leaves the gap determines, at least in part, the modulation that it
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has as it enters the next region, just as its modulation in the gap is deter-
mined in part by that which existed in the beam at injection.

Importance of Transit Angle—The transit angle, 8 = 22T = 7,
is a small fraction of a radian if the transit time T is much smaller than
the period of oscillation 1/f. At microwave frequencies it is difficult to
build tubes with small transit angles. Closely spaced grids and high
beam potentials help to keep the transit angles small, but they are not
always obtainable and other considerations sometimes make them unde-
girable. Large transit angles are therefore not uncommon in microwave
tubes—for example a 3-cm reflex tube with a grid spacing of 1/20 em
and beam potential of 300 volts has a gap transit angle of 7 radians.

The importance of the transit angle is as follows. If it is very small,
each electron moves through the gap in an essentially static field and its
motion is easily described and is practically identical with the motion of
all other electrons in the gap at the moment (unless there is more than
one velocity group). On the other hand, if the transit angle is large,
the field varies with time during the passage through the gap and the
electron motion is greatly complicated; in particular the electron energy
is no longer obtainable immediately from the gap potential, and the
motion of some of the electrons can be completely out of phase with the
motion of other electrons in the gap at the moment.

Beam Coupling.—The beam excites the resonator through the har-
monic components of the beam current that have frequencies near the
resonant frequencies of the cavity resonator. All of the beam that is
actually in the gap participates in this excitation, and equal elements
are equally effective if the r-f field in the absence of the beam is space-
constant, which is approximately the case in most resonators operating
in the principal mode (see Chap. 4).

A particular component of the beam current, having a given fre-
quency of modulation, is simply eonstituted if it arises only from density
modulation at injection and if the velocities are the same and space-
charge spreading is negligible. At a plane a fixed distance down the
stream from the plane of entry of the gap, the component differs only
in phase from its value at the plane of entry for, since the current at the
plane arises from electrons that earlier composed the injected current,
by particle conservation their contribution to the flow of charge in cor-
responding intervals of time is the same. The phase difference is the
transit angle for the passage of the electrons from the plane of entry
to the indicated plane down the stream.

If the frequency is sufficiently low—that is, if the period of the modu-
lation is long compared with the transit time of the gap—the transit
angle is nearly zero, and the current elements within the gap arising
from the injected current modulation are practically in phase. How-
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ever, if the period is comparable to the transit time, the transit angle
is not small and the current elements are not in phase. As has been
pointed out in Sec. 3.1, a partial cancellation results and the coupling
between beam and resonator is reduced.

Suppose £,(0)e* is the current modulation at the plane of injection
and ¢ is the transit angle to a plane part way across the gap; then
1,(0) e “—® igthe current modulation at that plane arising from the injected
current modulation under the conditions stated above. If the electrons
are not accelerated, the driving current is the average over the phase
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because in uniform motion space average and phase average are the
same. Hence the driving current is

1 ﬁ 4 i@ — i, (0) S22 "/ 2 (4=5) = 4 oyar (3,

0
This is the current that is effective in the excitation of the resonator.
The factor gm_e(/%@ = M is the beam-coupling coeflicient already men-

tioned in the first section of this chapter, and is shown plotted as a func-
tion of ¢ in Fig. 3-3. It has the value unity for zero transit angle and
oscillates about zero with decreasing amplitude as 6 increases, the zeros
occurring at 2, 4, etc. It is seen that the driving current for such a
density-modulated beam has the effective phase of the current at the
center of the gap and an amplitude reduced from the amplitude of the
density modulation by the beam-coupling coefficient.
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Current Modulation Arising from Velocity Modulation.—The density
modulation generated by the velocity modulation that is present in the
beam at the time of injection also depends on the phase, and the effective
current is a function of the transit angle of the gap.

Let v,(0)ée** be the velocity modulation at the plane of injection and
let @ be the transit angle to a plane part way across the gap. In Sec.
3-5 it is shown that the component of the current at that plane arising
through drift action from the initial velocity modulation, if the velocity
modulation is small and the drift angle 6’ not large, is

0.(0) (‘I ) joro,

v

where —I; is the direct current and v is the average velocity of the elec-
trons. This expression merely states that the current generated is the
product of the velocity modulation at the time of injection, the charge
density per unit length of the beam, and the transit angle, and, in addi-
tion, that it leads the velocity modulation by 90°.

If the electrons are not being accelerated, the space average of the
current is given by the average in phase. Hence the driving current
from this source is

1[0 —1I, .,,.(w_,,)]
_é/;) de [Uw<0) (T)]oe ¢ .

When evaluated, this average becomes
=1o) 38 (3 _ 38N («-2)
o (L3 -3) 4D

where N, the beam-loading coefficient, is a function of the transit angle 6.
The effective current here calculated is zero for zero transit angle, a fact
that is understandable since little density modulation can develop in
times that are short compared with the period of modulation.

The beam-loading coefficient is an important factor in expressions
for beam loading. It is defined by

N = %(sin%—%cos%)

and is plotted in Fig. 3-3, together with M and a function P, which occurs
in first-order bunching theory (see Chaps. 9 and 12). The beam-loading
coefficient is unity for zero transit angle and does not become zero until
0 is almost 3=, after which it oscillates about zero with a period of about
4x and with a rapidly decreasing amplitude.

From the above expression for the driving current caused by velocity
modulation at injection, it is seen that, for very small transit angles,
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the effective current is the same as the actual current from this source
at the center of the gap. However, for large transit angles, this value
is modified by the factor (M — jON/6), which affects both the magni-
tude and the phase of the driving current.

Current Modulation Arising from Gap Voltage—In Sec. 35 it is shown
that the density modulation arising from the action of the gap voltage is
produced through the modulation of the time of passage of the electrons.
Suppose that the d-¢ field is zero, the r-f field is space-constant, the
velocity spread is negligible, and the velocity change produced by the
field is small. Let V, et be the potential across the gap, and let M’
and N’ be the beam-coupling coefficient and beam-loading coefficient
for the transit angle 6’ to a plane part way across the gap. It is found
that the component of the current at that plane arising from the gap

voltage is
Vo Lo (5007 (30 _ 9N j(-5)
2V0]0 2 6

where Vi, = mv?/2¢ is the beam potential (—e is the electron charge,
—1.6 X 107*® coulomb; m is its mass, 0.9 X 1073 kgm.) From this
expression it is seen that the current generated for very small ¢ is pro-
portional to the square of the time of passage and follows the potential by
w/2 + ¢'/2. As 6 increases, the magnitude and phase of the current
are affected, in addition, by the factor (M’ — j¢N'/6).

The driving current is again given by the average in phase

é st *al AT/
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0
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On carrying out the integration this expression becomes

V Go ]0N (Wl~—)

where Gy = I,/V, is the beam conductance. Thus the driving current
in the gap arising from the action of the gap voltage is proportional to
the beam conductance and, for small gap transit angles, is proportional
to the transit angle, lagging behind the potential by =/2 + 6/2; as the
transit angle increases the magnitude is affected by the additional factor N.

Beam Loading.—Since the current of the last paragraph is produced
by the gap voltage, it has a definite phase relation to that voltage and
gives rise to a subtraction or addition of energy from that stored in the
resonator. The power in is one-half the real part of the product of the
driving eurrent and Vie—it; it is

Vo2 { _ Go6N na)
2 276
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The combination %13! sin g is shown plotted in Fig. 3-4. It reachcs

a maximum of about 0.4 at a transit angle somewhat greater than ur,
drops to zero at 2rx, and oscillates about zero with decreasing amplitude
with a period of 2x. The negative intervals correspond to the addition
of energy to the resonator fields.
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F16. 3-4—Real and imaginary parts of beam-loading admittance divided by Gb/2 as
functions of the transit angle.

The coefficient of — V¢t in the driving current,

910_%\[ e_llg/2 = YB,

2

is called the ‘“beam-loading admittance.” The real part of Y is the

beam-loading conductance, %9 %A_f sin —g, and the imaginary part,
Goon 0
26 2
is the beam-loading susceptance. The latter has the effect of changing
the resonant frequency of the cavity resonator. The combination
%Y—cosg is also plotted in Fig. 3-4; it has a small maximum near r/2,
is zero at r, has an extreme negative value of about —0.35 before reaching
2r, returns to zero and is very slightly positive before 3r, where it is
zero again, after which it becomes negative and has very small intervals
where it is positive just before 5w, 7r, etc.

One-half the product of |V,]? and the beam-loading conductance is
the average power absorbed by a smooth beam in passing through the
gap. This quantity when positive has the effect of a load on the resonator
and when negative can serve to drive the resonator, as in a monotron.
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Velocity Modulation Arising from Gap Voltage—The velocity modu-
lation produced by a space-constant r-f field is easily calculated under
the conditions of the preceding paragraphs. If d is the gap spacing,
the force on an electron is (eV,/d)e™. Suppose the electron enters the
gap at time ¢’ and leaves at time ¢; its change in momentum is

¢
74 _el/_"’ Jat”’ — _eL" — p—iw{t—t)]piwt.
ﬁ | di 7 ¢ T 1 —e¢ Jefet;

but w(t — t’) is approximately the transit angle since the modulations are
small; hence the velocity modulation on leaving the gap is approximately

eV,sin /2 i(«-3) v, i(u-f
m 82 A 2)“"2—%1‘“( 2).

Thus, in the velocity modulation that is due to a space-constant r-f field,
the effective gap voltage is roughly that which the electron experiences
when it reaches the middle of the gap multiplied by the factor M.

This effect is also easily seen from the energy of the electron. If the
time of passage is negligible compared with the period of oscillation of
the field, the energy change results from the field at the moment of pas-
sage and is given by the product of the electron charge and the gap
potential at that moment. However, if the time of passage is comparable
to the period of oscillation, the energy change must be calculated from a
field acting on the electron which varies in time during the transit.
If the r-f field is weak, the work done by the field is approximately

ﬁd dx eZ‘” i (M—d_;zo = eV, Sil;/;ﬂ ej(d_g) = eV, Mej(w‘_g).

This work represents the energy change of the electron; hence this change
can be calculated approximately from the gap voltage by using the gap
voltage at the time of midpassage and reducing it by the factor M.

Effects of D-c Gap Field.—The presence of a d-c field in the gap has
the effect of making the electron motion nonuniform even in the absence
of the r-f field. Transit angles are usually defined under d-c conditions
by using time intervals calculated in the absence of all modulation; these
of course are affected by the d-c field present. Moreover, the beam
potential, V. = mv*(z)/2e, and beam conductance, G, = I,/V,, change
across the gap. However, as long as the d-c field does not cause negative
velocities or lead to bigh concentrations of space charge, the form of the
r-f relations for the behavior of the gap is not greatly modified beyond
introducing factors and adding certain acceleration terms. As is seen
later in the chapter, these changes are often conveniently expressed in
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terms of the two parameters,

v(x)T’ ,  a(x)T'?
B TR

r =

where v(z) and T are the d-c values of the velocity of an electron at the
plane z and the time of passage to that plane from £ = 0 and a(z) is the
d-c value of its acceleration at the plane x. If the d-c field is everywhere
zero in the gap, r’ is unity and &' is zero.

If the d-c¢ field causes the reflection of electrons, and if the current
densities are so low that the effects of space charge are still negligible,
the behavior of the gap is somewhat complicated by the two-way motion
of the electrons, but it can be treated in a straight forward manner since
the field is approximately space-constant.

When the d-c fields are associated with high concentrations of space
charge, as in the potential minimum outside a space-charge-limited
cathode, the r-f problem becomes very complicated because the space
charge affects the motion of the electrons, which in turn affects the space
charge. Certain aspects of this phenomenon are treated in Chap. 5.

3-4. General Relations in a Narrow Gap.—The electronic phenomena
under discussion are governed by three fundamental laws. The first
of these is the law of conservation of charge. Since the charge is carried
by electrons, all having the specific charge —e¢, and the number of elec-
trons is also conserved, conservation of charge is the same as particle
conservation. From the conservation of charge is derived the continuity
relation, which states that the divergence of the current density is equal
to the negative of the time rate of change of the charge density. The
second relation is the divergence relation for the electric flux, which
states that the divergence of the electric flux is equal to the charge density;
since the electric flux is proportional to the electric field, the divergence
of the electric field is proportional to the charge density. The third
law is Newton’s law governing the motion of the electrons. The only
force acting on the electrons which is considered is that due to the electrie
field; by Newton’s law the time rate of change of the momentum of an
electron is equal to the product of the electron charge and the electrie
field.

Assumption of Uniformity.—The tubes that are discussed in this book
have simple geometry. The electron beam passes down the axis of a
tube through a succession of regions separated by plane grids. Some
of these are regions of acceleration, drift, and reflection, which are rela-
tively free from r-f fields. Others are gaps forming the capacitive portions
of the resonator circuits. These gaps have depths that are usually small
compared with the diameters of the gap areas. Moreover, the excitation
of the resonators is generally such that the electric fields in the gaps are
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directed parallel to the axis of the tube and are nearly uniform over the
gap areas. If, in addition, the beams are nearly wniform and fill the
gaps, phenomena in the gaps are approximately onesdimensional.

The idealization of gap phenomena to uniform & {ds and a uniform
beam composed of electrons moving parallel to the axis of the tube is a
tremendous simplification to the analysis and discussion of tube behavior.
It has considerable validity in all tubes discussed in this book. This
simplification makes possible much of the theoretical treatment of these
tubes.

There are, of course, many limitations to a treatment of gap phe-
nomena based on the assumption of uniformity. Since all gaps have
finite areas and all beams have limited cross sections, there are edge
effects. Uneven cathodes, fluctuations in emission, nonparallel grids,
grid structure, and uneven reflector fields make the beams nonuniform.
In addition, the conduction current is carried by the electrons, which are
finite charges with local fields and hence contribute to the unevenness
in the gap currents and fields. Electrons have transverse velocities,
and the electron velocities must be well below the velocity of light if
magnetic forces are to be neglected. Some of these effects are discussed
in other chapters.

Total Current—Consider such a gap, in which variations parallel to
the grids are negligible. Let = be the distance from the first plane to a
parallel plane within the gap and d the separation of the bounding planes;
let ¢ be the time. The current density and charge density are dependent
on z and ¢ alone and are related through the continuity equation. It is
convenient to use the electron current i(z,t) for the entire area of the
gap; then the current density is i(z,t)/A, where A is the area of the gap;
using the charge density p(z,t), the continuity equation becomes

ai-l(zt) t”( nt) = 0.

Now the electric field also depends only on z and ¢, and by the divergence
relation

a
€0 a_x E(I,t) = p(I)t)y
where ¢ is (1/36x) X 10~ farad/meter.
The charge density can be eliminated between these two equations
to give
['L(:c,t) + Aeo E(:c t)]

The quantity,
oE (:v t)

i(z,t) + Aeo = I(t) 3)
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is the total current, which depends only on the time. It is the sum of
the electron and displacement currents in the gap. Sometimes the total
current is known from the rest of the cireuit; if the electric field is also
known, this expresststy gives the electron current.

Circuit Representation of a Gap.—The total current can be written
in terms of the gap voltage and the driving current by averaging Eq. (3)
across the gap, for

1 [¢ . ) i
I(t) = P /0 dr [z(z,t) + Ae 3 E(x,t)],
the gap voltage is

a
Vi) = — /;) dz E(z,t);

and the driving current is the space average of the electron current,

1[4
() = 3[) dz i(z,t).

Hence
dv (&)

10 =i - €2

, )

where C' = Ae/d is the capacitance of the empty gap. This simple
relation can be interpreted in terms of a ; Ton

circuit in which the current {(f) passes J. T

through the shunt combination of the

capacitance and an external circuit across c Ve
which the potential is V(¢) and through

which the current I(¢) flows. Consider the i
components of these quantities_that have Fio. 35— Cirouit reprosen
the time dependence ¢% Let 7,, V,, and tation of gap in terms of driving
I, be the amplitudes of the driving current, current. % =l +jwCV,.

gap potential, and total current, respectively. From Eq. (4) it follows
that

te = I, + JoCV,, (5)

which is the equation for the circuit represented in Fig. 3-5.

Shunt Formulation.—If all modulations are so small that quadratic
and higher-order phenomena can be neglected, a clear-cut distinction
can be made between effects that are produced by the gap voltage and
effects arising from the condition of the beam as it enters the gap. Such
a distinction has been made in defining the beam-loading admittance
Ys. Suppose such is the case; let

to = — VoY + tm, (6)
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where —V,Y 5 is that part of the driving current which arises from the
gap voltage and 7, is that part which comes from the condition of the
beam as it enters the gap. The current ¢, could contain terms resulting
from density and velocity modulation in the injected beam. It might
be called the transexcitation current, or simply the exciting current.

As has been indicated in Sec. 3-3, it is possible to go further and carry
out the separation for the density and velocity modulations at any place
within the gap. Thus, if 7,(z) is the density modulation and v,(z) is the
velocity modulation at the plane «,

Z‘,(.’C) = - wy'n(x) + 1,',,.(a:),
2(z) = ("(’))fm(a» + n(@), (7a)

where — V.,y.(z) is the density modulation arising from the gap voltage,
im(2) is the density modulation due to modulations present in the beam

at injection, —V,, (v(z) ) Ja(z) is the velocity modulation arising from

the gap voltage, and v.(z) is the velocity modulation that results from
modulations present in the beam at injection. The coefficient y.(z)
is an internal electronic transadmittance and f..(z) is a similar function
for the velocity modulation. They are referred to as the density and
velocity modulation admittances, respectively. On averaging the first
of these equations across the gap and comparing the result with Eq. (6),
it is seen that

1 ¢ 1 ¢
Y= 3 / dz yn(2), T = 3 / dz tm(2). (8)
0 0

An equation that supplements Egs. (7a) is obtained from Egs. (5)
and (6) by eliminating the driving current; it is

I = =V.Y, + i (7b)

where Y, = jwC + Y3 is a quantity that will be called “the gap admit-
tance.” This equation suggests a circuit
representation in terms of the exciting
current as illustrated in Fig. 3:6. The
exciting current %, passes through the
Ya shunt combination of beam-loading admit-
tance, capacitance, and external circuit
across which the potential is V, and
Fie. 3-6—Circuit representa. through which the current I, flows. In
tion of gap in terms of exciting cur-  this representation a current source i,
rent. im =lo + VoGeC + Y5  hoving an internal admittance Y5, can
be regarded as exciting the resonator circuit.

e I_.

il
4}
(2]

|
|
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Series Formulation.—A series representation is obtained by writing

1 .
Zg = —Y-vy €y = z,,.Z,;
and hence

Vo = —I1.Z; + e,. (9a)
A beam-loading impedance Z» can be defined from

1 1
ool o sy g8

In the circuit for this representation (see Fig.
3.7) an internal voltage source ¢, with internal
impedance Zp causes the current I, to flow
through the series combination of capacitance
and external circuit across which the voltageis V... Ve
The density and velocity modulations, %,(z)
and v,(z), can each be regarded as the sum of a 7
term that is proportional to I, and a term that il s

is due to modulations at injection. These are Fie. 3-7.—Cireuit rep-

written in the form resentation of gap in terms
of internal voltage source

‘L".,(:E) = —I“,a(x) + ‘i,(.’t), and internal impedance.

1
Ve = I {2 + 25
w(@) = 1, (”:‘—?) 8@ + ) [ OV (e +)e,,

0,

(10

Ty —r

On averaging the first of these across the gap and comparing the result
with Eq. (9a), it is seen that

Z =Ll/ddz[a(x)+1] € =——1—l/dd:ci(x) (11)
¢ juCd Jo ! * T jwCd fo e

Relations between Shunt and Series Elements.—The shunt and series
representations are, of course, equivalent. The following six equations
give the relations between the elements of Egs. (7) and Eqs. (9):

Y,Z, =1, e = tmZ,
a(@) = —yn(®)Z;  1(z) = —eyn(z) + inl(2),

v(z)

(12)
B(x) = —fn(x)Z, 0,(z) = ~¢ (""Iﬂ> Ju(2) + va(2).

There is little to choose between the two representations except a
possible convenience of expression in a particular problem. In most high-
velocity gaps the driving current is easily calculated and from it the beam-
loading admittance and exciting current; thus the shunt representation
seems to be particularly convenient in the discussion of the high-velocity
gap. In low-velocity gaps space charge is important; it usually is

E. G. & G. LIBRARY s

LAS VEGAS BRANCH Yo Yo%,
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necessary first to calculate the field by some self-consistent method in
terms of the total current and the modulations at injection; from the
field the gap voltage and other quantities are obtained in a form that is
often most easily expressed in the series representation.

A considerable portion of the theory of electron tubes is concerned
with the calculation of elements of the shunt or series formulations for
the conditions encountered. Of the six elements occurring in the shunt
formulation,

'L.u(I) = - wym(x) + ifn(z)y
-V, ("_(—?) Inl@) + 1n(@), (37)

v,(z)
1)
I, = =V, Y, + tn, Y, = juC + Ya,

only four, ym(z), tn(z), fu(z), ¥~(z), are basic since Yz and i, are derived
from the first two by integration [see Eqs. (8)]. In any particular prob-
lem not all of these are of primary interest. For example, in the input
of a small-signal amplifier the important quantity is y.(d) because it is
the leading term of the transadmittance of the tube; however, some drift
action may be present, requiring the knowledge of f.(d). In the output,
im 18 the important quantity since it determines the excitation of the out-
put and hence enters into the gain of the tube. Discussions of klystron
theory usually consider the driving current,

to = —V.Y5 + im, (3-6)

which is caleulated for the output circuit directly from the modulation
produced by the input circuit. The effect of this modulation is expressed
as an electronic transadmittance, for which the symbol ¥, is usually
employed.

Electron Motion.—The electron motion is governed by Newton’s law
which, under the assumption of uniformity, takes the form

d%z
i

= —eK(z,),

where m = 0.9 X 10~% kgm is the mass of the electron and
—e = —1.6 X 10~'° coulomb
is its charge. The energy integral is obtained by multiplying by

dz
7 v(z,t)

and integrating with respect to the time;

t

ig[u(z,t)z — (@) = —e / d (@ ¢ E @ ).

¢
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If, for example, the electron is injected at the first grid and its motion
is not reversed, the energy integral becomes

%[v(:lc,t)2 — v(0,0)?] = —e/ dz"” E(z"t").
0

This integral is calculated from the instantaneous field experienced by
the electron and is not, of course, the integral defining the electric potential

Viz,t) = — / dz'’ E(z" 1),
0
since in the latter integral the field everywhere at the time ¢ is used.

The momentum integral is obtained by the direct integration of Newton’s
law;

m [v(z,t) — v(z' t)] = —e /: dt"” E(z'"t'").
The energy and momentum integrals give the identity:
'/;t dt’ v NE@" ) = % [v(z,t) + v(z’,1")] ﬁj dat"”" E(z" t").
The integration of the momentum integral gives
m(x — z') = mo(’ )t — ) — e /tlt dr’’ /tt v’ E(z'¢).
The velocity and the time of arrival at the plane z of an electron

injected at z = 0 at time ¢’ with velocity v’ are given, therefore, by the
following formal expressions:

1
o(z,t) = v(0,) — % [ det E(@ ),

t 2544
’ x € g1t 11 1 grr
t + U_(O,t') + m__v(O,t’) /; ot ‘/; dt" E(x ).

An alternative expression for the second of these is

t= t, + / 1)(:13” t”)

The time rate of change of ¢ — # is of interest in considering particle
conservation; it is

¢

5=t = =t ey~ — - [a) = B}

where a(z',t') = —eE(z’,t')/m.
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3.5. High-velocity Gap.—If the electron velocities are very high, the
effects of space-charge and thermal velocity spread are usually negligible.
If the space charge is negligible, the field is approximately constant across
the gap. The approximation is far from perfect, however, for if the
field were completely space-constant, the electron current would be also
—which is certainly not the case in a modulated beam.

In order to simplify the discussion, suppose that there is no d-¢ gap
field. (A gap with a constant d-c field is considered briefly at the end
of this section.) Let

E(z,t) = _—;’“-' e, (13)
where V, is the amplitude of the gap voltage and d is the gap spacing.
Under this assumption, the field at any particular moment is the same
everywhere within the gap. The gap fields in most klystron resonators
are well represented by this formula.

If the resonator is unexcited and the beam unmodulated, the electrons
traverse the gap in the time, 7 = d/v, where v is the velocity of the
electrons in the absence of all modulation. The beam potential is
defined by Vo = mv?/2¢ and is constant across the gap, as is the electron
velocity, because there is no d-c field. With —1I,as the d-c beam current,
the beam conductance is Go = Io/V; and it, too, is constant across the
gap.

Suppose, however, that the beam as it enters the gap is both density-
and velocity-modulated with the angular frequency w. Let the current
and velocity at the plane of injection, = 0, be

2(0,0) = —Io + 7.,(0)e, ]
v(0,t) = v + v,(0)e™;

%,(0) is the amplitude of the modulation of the injected current and v, (0)
is the amplitude of the velocity modulation at injection. If these ampli-
tudes are small compared with the corresponding d-¢ quantities, if the
transit angle is not too large, and if the gap voltage is a small fraction of
the beam potential, the modulations everywhere in the gap are small.
Such is assumed to be the case, and quadratic and higher-order terms in
the modulation amplitudes are discarded. In particular, d-c¢ values of
the transit time are used in calculating r-f coefficients.

Let T(z) be the transit time to the plane x from the plane of injection,
calculated in the absence of all modulation. Suppose that an electron
at the plane r at time / was injected at £ = 0 at time ¢/. Because of the
velocity modulation at injection and because of the action of the gap field,
the time of passage, T(z,f) =t — ¢/, is modulated. Let

T(x) = T(x) + Tu(z)e, (18)

(14)
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where T,(z) is the amplitude of the modulation of the time of passage.
For brevity, the abbreviations, 7" = T(z), T = T(d), ¢ = «T’, 8 = oT,
are used.

The current and velocity at the plane z can be written in the fors

i(z,t) = —Io + i,(x)e™,
o) = v+ v()e, : (16)

where i.(x) and v,(z) are the amplitudes of the density and velocity
modulations, respectively.

The quantities, v(z,t) and T'(x,t), are calculated from »(0,#') with the
aid of Newton’s law. The current i(z,) is obtained from particle con-
servation by using

. i(0,t")dt’
i@y = LOL.
Since
A Y {€2)

da at

b

the expression for the current can be written in the form

i(z,f) = 2(0,t) [1 - %] a7
The procedure is to calculate first v,(z) and T,(z). From Eq. (17),
1.(z) is obtained in terms of 7,(0) and T,(z);

1(Z) = %,(0)e7* + IjuT.(z). (18)

The amplitude of the driving current 7, is found by averaging ,(z) over
the gap. The results are conveniently expressed in terms of the six
elements of the shunt formulation,

1(2) = —Viym(®) + in(2),

@) = =V ("D) 1) + a0, (37)
L= ~V.Y, +im, Y, =juC + Vs

These elements serve to characterize the gap to this approximation.
Velocity Modulation—The momentum integral, which follows from
Newton’s law, is
eV, . . .
mlp(z,f) — v(0,¢)] = od (¢t — ") (19)
On substituting »(0,t') as given by Eq. (14) and comparing the result
with Eq. (16), it follows that
Vo z
2V T

"
v,(z) = v,(0)e 7 4+ M'e 2, (20)
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sin (6'/2)

where V), is the beam potential and M’ = 72 with
¢ = 0T’ = wT(z).
Hence
Go x ’ _1_0_’ _ .
Jm(z) = T Me 2, vm(z) = 0,(0)e~7?. 1)

The quantity f.(z) is the velocity-modulation admittance and v,(x) is
the velocity modulation arising from modulations at injection. It is seen
that the velocity modulation at the plane z is the sum of the velocity
modulation at the plane of injection at the time the electrons at x were
injected and the modulation caused by the action of the gap field. In
the latter the effective field is that experienced by the electrons when at
z/2 reduced by the corresponding modulation coefficient.

Modulaiion of the Time of Passage—Integration of the momentum
integral gives

mz = mv(0,0)(¢ — ') + [efet — eiof — et — )], (22)

()d

From this equation is obtained the following expression for the time of
passage:

wl) = = _’_’&—'#'wt]__ev”_ O gl it it
T(zt) = ;[1 , e moGu)’d 1 — e jo'e=i%leret,  (23)
From a comparison with Eq. (15), it is seen that
v,‘1()0) T e-i® Vv, 1

To@ = -~ T2V, T(w)?

[1 — e — j@'e®). (24)
It is convenient to rewrite this expression by using the identity
. . '
1 — e — jo'e” = —(l%’)—z(M’ — ]9%,) e—L

Equation (24) becomes

o 00) e VLT, N -E
T,(z) = - T'e~ v, 3T M e (25)

The modulation of the time of passage to the plane z that is due to velocity
modulation at injection is proportional to the transit time to the plane
z; for small distances the modulation that is due to the field is propor-
tional to the square of the transit time to the plane x and the phase of
the effective gap voltage is that experienced by the electrons when they
were at z/2; as the distance z increases, the magnitude and phase are
altered by the additional factor (M’ — jOo'N'/6).
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The factor (M - '7161-\7) = He™,

where

6M

occurs frequently in transit-time phenomena. The quantities H and
7 are shown as funetions of 6 in Fig. 3-8.

1.0 \ 1 10
09 \ // 9
08 : L 8
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\ 7 y
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H \ / 7
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02 = 2
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2
H = (M“’ GN) ’ 7 = tan™! = 2

1
AN

£
k]

nl

01 pd N e =

/2 —1

b
0 0
0 s 27 3T 4 51T 67 i

Transit angle 8
F1a. 3-8.—H and 7 as functions of 8.

Density Modulation—The amplitude of the density modulation is
obtained by substituting Eq. (25) in Eq. (18); there results

t.(x) = 2,(Q)e7* 4+ 2,(0) ( I)]e’ —ie
Gy, T N -
- Vwégjwﬁ(M' ~Z—6-)e 2, (26)

where Gy = I3/V, is the beam conductance. Hence
Gy, T"( . _j8'N\ -%
Z/m(z) = 2 ]w o7 (M - 6 ) € )

Ta(@) = ,(0)e 7" + v,(0) ( )JB" i,

(27
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It is seen that the density modulation at the plane x is the sum of three
terms: (1) modulation arising from density modulation at injection, (2)
modulation generated through drift action from velocity modulation at
injection, and (3) modulation caused by the action of the gap field. The
third can be expressed in terms of the internal transadmittance, or density-
modulation admittance y.(z), whereas the first two are eontributions
to the density modulation from the modulations in the beam as it enters
the gap, im(2).

The internal transadmittance at z = d is of importahce in triode and
tetrode amplifiers because it is a factor in the transadmittance of these
tubes. If the input has a high-velocity gap with zero gap bias, which is

rarely the case, it is
@) = 8 (- ) (28)

Driving Current, Beam-loading Admittance, Ezciting Current.—The
driving current is the space average of the electron current. Since
z = v]" and T = d/fv, its amplitude is simply

1 [}
fo = -/ ae’ i, (z).
6 Jo

In calculating the three terms in the driving current, the following three
integrals are used:
1 2

[
3 / de e? = Me 2,
; _it
10/ de’ jo' e~i? = ‘720 (M —]Lé-v)e 2, (29)

0 ol s ot ATF _ie : _i8
l‘/(; de¢’ (JG)Z(MI_JoéV)e 2 =-(JTB)'2N6 2,

5 3
These give
_ie i\ AN\ e
G = iy (0)Me T + 00(0)( I°)J—0(M - L‘”—V)e 2
v 2 6
_ie
~ 7.8 75 a0

Hence the beam-loading admittance and the exciting current amplitude
are, respectively,

L
=iy
a.nd . (31)
. J
= i(O)Me T +va(0)( )’2" (M —‘Eé—v)e_f.

These quantities have already been discussed in Sec. 3-3.
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High-velocity Gap with Constant D-¢ Field —The effects of a space-
constant d-c gap field that does not produce slow electrons will be sum-
marized briefly. If V, is the beam potential at the injection plane and
Vais the beam potential at the exit plane, the d-c field is — (Va—Vy)/d
and the gap field can be represented by

E(x,t) = — E (Va—Vo+ V,,,e""").

Let v(z) be the velocity at the plane z in the absence of all modulation.
The beam potential at. the plane z is V, = mv(z)2/2¢ and the beam con-
ductance at that plane is G, = I,/V,. Additional parameters are

_ ()T _v@T ' oT'? _ al?
TI-—-T’ T——d—'7 O =7 —TI—; éd=r 1= 2d
where @ = e(Va — Vo)/md is the acceleration produced by the d-c field.
In the limit of zero d-c field, ' and r become unity and &' and § become
zero.

The details of the calculation are similar to those just given. The
velocity modulation is

0(e) = 0(0) B0 e 4 e

? AT! _iv
(M’+6"70N)e ?. (32)

2 \/ V Va T 6
The modulation of the time of passage is
2%(0) V. 1 ( ja’N’) L4
To(z) = — Te-i* — M-V (33
@ =" CRVAA AR CRASRIS

The density modulation is

(1) = 7,(0)e 7" 4 v,(0) [ (I)"] et

VGG . T, jeN\ -
- V. 5 7j0 57 57 M — 5 )¢ * (34)
These expressions are to be compared with Eqgs. (20), (25), and (26).
The six elements of the shunt formulation are
! ATY _i¥
ym(z)=v22Gd g’z( 7] 0N)e 2’
T 6
It (35)
tn(z) = °) Jjoe %,
N7 _i¢
fm(x) = GzGd MI + 5!]0N 2’
2 v(x)T (36)

I(z) = 0,(0) -,’j% i,
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_Ga ,joN -¥
YB—Zr 3 e

. _J_o _ . . _J'_a
im = 7u(0) (M— a’”TN)e T+ 1,(0) (ITdI)?)r%<M - l‘;ﬂ) ez

It must be emphasized that there is an inherent inconsistency in the
treatment of the high-velocity gap by the methods of this section, which
comes from the neglect of space charge. Because of the presence of
space charge the field is not space-constant. If Eq. (3) had been used to
find the density modulation, the result would have been

t0(z) = joCV, + L.

H

@37

By Eq. (5) the right member of this equation is just 4,. This result is not
right, for the density modulation certainly is not space-constant. The
equations of this section are essentially correct for a beam containing
very low charge densities; however, their justification lies in a more care-
ful analysis of the effects of space charge. Such an analysis is presented
in the next section. It should be mentioned that the residual gas in an
actual tube is positively ionized by the bombardment of the electrons.
Because of their large mass the ions contribute only a static positive charge
density and tend to reduce the over-all space-charge effects.

3.6. Low-velocity Gap, Neglecting Velocity Spread.—It has been
shown by Llewellyn! that the effect of space charge on the small-signal
behavior of & uniform gap can be easily included if there are no negative
velocities and the velocity spread is negligible. Under such conditions
all the electrons at a given plane at a given moment have the same
velocity, and therefore the current and charge density bear the simple
relation

i(z,t) = v(z,t)p(z,)4, (38)

where v(z,t) is the velocity of the electrons and A is the area of the gap.

This relation begins to lose its validity when the thermal spread in
velocity becomes comparable to the average velocity. Also, the rela-
tion is not applicable for a region containing a modulated beam if the
thermal spread is such that electrons entering at the same time arrive
at the opposite side out of phase by an appreciable fraction of a radian.
Suppose a spread in velocity Av gives a spread in transit time AT'; cancel-
lation in phase becomes appreciable unless w AT << 1. In terms of the
velocity, this condition is 8 Av/v < 1, and in terms of the electron energy,
E = mw?/2, it is 0 AE/2E << 1. Thermal energies are of the order of
magnitude of 1 electron volt at cathode temperatures. The condition
is well gatisfied in the usual high-velocity gap and also in a high-velocity

1 F. B. Llewellyn, Eleciron-inertia Effects, Cambridge University Press, Cambridge,
England, 1941.
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drift region with a drift time of many cycles. For example, if 6 is 60
radians and the beam voltage is 300 volts, § AE/2E is only t§y. If the
thermal spread in energy is of the same order as the average energy, the
condition is no longer satisfied in the usual high-frequency gap, and Eq.
(38) is a poor approximation. Such is certainly the situation in a high-
frequency space-charge-limited region, especially in the neighborhood of
the cathode minimum. For this reason and also because of the presence
of reflected electrons, the considerations of this section cannot be expected
to apply to such a region.

The theory of Llewellyn gives an exact treatment of space charge in
the uniform high-velocity gap. It also provides an account of electronic
phenomena in the low-velocity gap that is valid to the extent that the
velocity spread is negligible. A complete theory of the low-velocity
gap must be formulated in terms of the velocity distribution of the beam;
a partial account of velocity-distribution phenomena is presented in
Chap. 5. In that chapter, as in this, only small-signal effects are dis-
cussed. Large-signal theory introduces an entirely new set of complica-
tions. The most important of these in klystron theory is the nonlinear
nature of electron bunching. As may be seen in Chap. 9 and subsequent
chapters, the bunching theory is successfully treated by the expansion
of the phase of the bunched current in a series of Bessel functions, the
argument of which contains the product of the drift angle and bunching
voltage divided by the beam potential.

Llewellyn’s Equation.—Equation (38) makes it possible to express the
conduction current in terms of the electric field by the direct use of the
divergence relation;

i(zl) = vz, Ae (39)

oF (:c,t)_

or
When this relation is substituted in the expression for the total current,
Eq. (3), the result is

aE(x ) , 9EG t)]. (40)

I(t) = Aeo [U(Z t) hﬁ,—'

Llewellyn observed that, if z is regarded as the coordinate of a particu-
lar electron, v(z,f) = dz/dt and the total current in Eq. (40) becomes
equal to the total rate of change of electric flux through the plane moving
with the electron

dE(a: )

I(t) = Aeg — (41)

This observation is particularly significant because I(t) is independent
of the position of the electron and because the field is itself the second
total derivative of the position, for by Newton’s law
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m d%c
E(x,t) = — -é' dF'
Hence, by substitution in Eq. (41), there is obtained
d’z el (t)'
S0, Jo=Z2 (42)

This is Llewellyn’s equation for the motion of the electrons in a uniform
gap in which all electrons at a given plane at a given moment have the
same velocity.

The usual procedure in the discussion of phenomena in connection
with Llewellyn’s equation is to assume for the total current a known func-
tion of the time, such as a constant, a constant plus harmonic terms, or a
pulse of some sort; also, conditions that are consistent with the nature
of the problem are imposed on the velocity and acceleration at the plane
of injection. If a(z,?) is the acceleration [a(z,t) = —eE(z,t)/m,] Eq. (3)
can be put in the form

D&Y — 0+, ih = 22D, (43)
If it is desired to express the results in terms of currents alone, this equa-
tion can be used to eliminate a(z,?).

When only small signals are being considered, two sets of equations
are obtained. One set is time-independent and gives the d-¢ conditions
in the gap. The other is linear in the r-f amplitudes, which are functions
of the d-c parameters, and this set describes the time-varying phenomena
in the gap.

D-¢ Relations.—The solution of the Llewellyn equation for a time-
independent total current provides a very convenient description of d-¢
conditions in a gap in which the electrons at a given plane all have the
same velocity. Let

_ el 0
Jo - mAEo,
and suppose that the electrons enter at the plane z = 0. Let 7" be the
transit time from the plane of injection to the plane z, and 7' the transit
time across the gap.

Successive integrations of Llewellyn’s equation give the acceleration,
velocity, and position of the electrons in terms of J,, 77, and the accelera-
tion and velocity at injection:

a(x) = JoI' + a(0),
JoT' ’
o) = T + a(O)T + v(0),
_ JoI'* | a(0)T?
i

(44)
+ v(0)T".
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The third of these equations can be used to find 7”; but since it is a cubic
in 77, it is more convenient to regard 7’ as a parameter in terms of which
d-c phenomena are expressed.

On putting 7" = T and eliminating a(0) from the second and third
relations, there is obtained
_ T @) + 0T, (a5)

d = 12 2

This is a cubic equation for T as a function of Jo. For Jo = 0, it gives of
course, T = 2d/[v(d) + v(0)]. Examination shows that J, has a maxi-
mum, 2[v(d) + v(0)]3/9d2, at T = 3d/[v(d) + v(0)]. This is § the transit
time for J, = 0; at the maximum Jo73/6d = 1.

The discussion of solutions outside the range,

2d <7< 3d

@ +201 = ° = k@ +O)F
involves the possibility of the reflection of electrons and questions of the
stability of the space-charge configuration. In fact, the question of
stability arises for J, greater than one-half the value at the maximum,
and T > (v/3 — 1)3d/[v(d) + »(0)], if v(d) < v(0), and arises for

2[v(d)* + v(0)*]?
— @
and a somewhat larger value of 7, if v(d) > v(0).}

At the current maximum, since J,7'3/6d = 1, it is easily shown that
a(0) = —2v(0)[»(d) + v(0)]/3d and that the velocity in the gap has a
minimum, which is »(0)v(d)/[v(d) + v(0)] and occurs at
_ Tv()

[v(d) + »(0)]

Two d-c quantities that enter in the discussion of the r-f behavior of
the gap are

Jy >

TI

o, _ JoT? _ 1 _ ST
;—1 6d and =1 2

As Jo goes from zero to its maximum, /e goes from unity to zero;
simultaneously o goes from unity to —v(0)/v(d) and is zero when

(46)

©_ 1
P 2v(d)
1+ 30

1 For details, see J. K. Knipp, ‘“Space Charge Between Parallel Plane Grids,”
RL Report 534, Mar. 22, 1944.
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If the velocity of injection is zero, the maximum current occurs when
the field at the first plane is zero. The current has the value given by
2(d)*

Jo= 35

This is Child’s law for a space-charge-limited diode. In such a diode
the a-c impedance, p = dVa/dI,, is

JoT*

PO = 104¢ (47)

This is a useful combination of symbols, whether Child’s law is obeyed
or not.

The capacity, C = Ae/d, the beam conductance, G4 = Io/Va, and
po = JoT%/12Aeo are related as follows:

2Cpo Gd’l‘zT J0T3 €0
T -1 ~6d T (48)
where r = v(d)T'/d.
R-f Relations.—In order to find the conditions for steady oscillations
in the gap, let
. . CI,,,

J@) = =Jo + Jae*, Jo = mde

(49)

where I,, is the r-f amplitude of the total current. Llewellyn’s equation
" becomes
dz )
dT = Jy — J.e (50)
This is integrated for a particular electron with the condition that at
injection the acceleration is a(0,t’) and the velocity is »(0,t').
The first integration gives

az,f) — a(0,f) = Jolt — ) — j—w (et — gior), (51)
The second integration gives

o(z,t) — v(0,F) = Jo L) (‘ D 1 a0t — £)

—_— J"
(jw)?

— & — eju(t — t')]. (52)
The third integration gives
2 =1 D a0 S L uotye - )

J

 (Gu)? [ew — o — e Gt — 1) — eve(ju)? L tl) )] (53)
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Suppose that

a(z,t) = a(x) + a.(x)e“,
v(z,) = v(x) + v,(x)e™,
T(x,t) = T + T.(zx)e, (54)

and
i(z,t) = —Io + du(x)e.
From Eq. (43),
j0tu@) = —Ju + @),  du(@) = i;ff)

(55)

On substituting from Eqgs. (54) in Eq. (51) and writing e/~ for e/+¥,
an expression is obtained from which the purely d-c terms can be elimi-
nated by the use of the first of Eqs. (44). The result is

0u(z) — @) = JoTu(z) — ‘3’; (1 — ei7). (56)

By using Eq. (55), the r-f acceleration amplitudes can be eliminated.
Terms containing J, drop out. The resulting relation is

Ju(@) — Ju(0)e? = JojuTu(z), (3-18)

which was found in Sec. 3-5 by assuming particle conservation.
Substitution from Egs. (54) in Eq. (52) gives, in a similar manner,

vu(z) — v,(0)e7® = a(z)T.(x) + aw(O)e""’T’

(]w)z (1 — e — j§'ei?). (57)

On eliminating the acceleration amplitude, this equation becomes

JT’

1(@) — 20 = a@Tu(e) — 22T brre™2 +7“(0) T, (58)

The last term in this expression should be noted for, together with con-
tributions from 7,(z), it gives a dependence of »,(z) on ¢,(0).
Finally, substitution from Eqs. (54) in Eq. (53) gives

0 = v@Tu(@) + aOe I + 00T

12 ol AT/ _L’:
_%%[(MI_JOéV>e 2 _e—iﬂ], (59)

This equation determines the amplitude of the modulation of the time
of passage. On eliminating the acceleration amplitude, it becomes

v(z)To(z) = 52 (M’ JB’N .w’

2
Lo,

— 4 (4
i ¢ — 9,(0)T’e?. (60)
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This expression is used to eliminate T,(z) from Eqgs. (18) and (58).
Llewellyn Electronic Equations.—The results of the foregoing calcu-
lation are most easily given in terms of the series formulation:

() = —Il.a(@) + 7.(z),

@) = -1 (%) 4@) + uie),
and #9

Vo= —LZ,+e, Z,=—n+2Zs

When the six elements of these three equations have the form given by
the calculations of this section, they are known as the ‘“Llewellyn elec-
tronic equations.”

A number of parameters are introduced in order to simplify the form
and interpretation of the equations. The first of these are

_ )T _v(d)T , _ a(x)T"? _a@)T?
r = ot r= a7’ ¥ = oz’ = o4
They come from the presence of a d-c field in the gap. If the d-c field
were zero, r’ and r would be unity and & and & would be zero. Additional
but not independent parameters are

t_o_l__JoTl3 Sg_l_JoTa
P 6z = € 6d
r =1 JoT'2 JoT'2

—m) 0'=1_'21)T)'

These come from the presence of current and space charge in the gap
and would be unity if current and space charge were completely absent.
The quantity e plays the role of a low-frequency dielectric constant that
is due to the electron beam. It occurs in the equation for the velocity
modulation of the beam as it leaves the gap and the equation for the gap
voltage. The quantity ¢ is a smoothing factor. The smoothing, or
debunching, comes from the spreading forces caused by the uneven dis-
position of space charge in a density-modulated beam. This parameter
occurs in the equations for the current and velocity modulations of the
beam as it leaves the gap. For a high-velocity gap in which the space
charge is small, both ¢/¢ and ¢ are only slightly less than unity. How-
ever, as the space charge becomes appreciable, these quantities become
considerably less than unity. As J, approaches 2[v(d) + »(0)]/9d?,
which is its maximum, /¢ approaches zero and ¢ approaches —v(0)/v(d).
The four parameters v/, &, /¢, o', are related as follows:

1—§’=1—r'+a', 1—-¢ =(1—r'+a')r—?j-
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Similarly,
1—?=1—r+6, 1—a=(1—7‘+6)§,
also
a0) _ . _ 4 _

The first electronic equation follows from Eq. (18) after substituting
for T,(z) from Eq. (60). Itis

-t AT i
i(2) — 1u(0)e=? = I(1 — o) (M’ - J"TN) e T
— 50)(1 — o")e® + 1,(0) (%{) Beiv. (61)

Hence, by comparison with the first of Eqs. (9),

PVANS i
a(z) = (1 —d) (M, _.L%IY_) e,

(62)
1.(z) = 1.(0)o’e=% + v,(0) ( e ))_70’ ~i¥,
It is significant that the presence of space charge magnifies a(d) and
reduces the first term of 7,(d), and that either can be made very small by
the proper choice of a.
The second electronic equation follows from Eq. (58). It is

20) o _ =L _(9 .o g IONY 5
vw(x) D,.,(O) v(x) W= JwC ) -\/W; T M + ) €

1.{0) r a:eo iy _ Nt
+ 7C 3 \/V 7T s d v,(0)(1 — o)e™%.  (63)

Hence, by comparison with the second of Egs. (9),
’ AT! i 4
Bz) = —(1 = o) 5 ,<‘°M'+ s’JoeN)e‘v
ne) = O (v(x)) (1 =) s G (64)
(0) T
Am[w <_gﬂe_

The beam-loading impedance and voltage source in the third elec-
tronic equation are obtained from Eq. (62) by using the integrals of
Eq. (11). It is found that

2
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S B PRV
Za J—w-é(l E)Ne,

14(0) (e a(0) . joN\ -¥
e.=-——(—M a(d)a 6>e 2 (65)

9,(0) { —I,\ 76 jON\ -Z
+ 5uC (v(d))"E(M AR
The presence of space charge tends to magnify the beam-loading imped-
ance and to reduce that part of the voltage source which comes from the
density modulation of the beam at injection.
Ezxact Shunt Formulation.—The Llewellyn electronic equations can,
of course, be written in shunt form by using the transformation of the

elements given in Egs. (12). The following two identities are of interest
in this connection:

. _ € G,ﬂ‘2]0
ij(l e)_ R

l

(66)
jwC(1 — o) = GzGdT'w T_’Z
J 3 "e3T
The gap admittance is
_jeq-1
Yg=ij[1—<1—Z—°>Ne 2] ) (67)

and therefore the beam-loading admittance is

it Ly
Ye=juC {1 —=2)Ne 2|1 - (1 -2)NeT2] . (68)
€ €

As ep/e approaches unity, this expression becomes identical with the first
of Egs. (37). The exciting current is

in = [u(m (‘— “g aJ%N) e 2

+ o0 ( <d>) g (M ‘]%V) e_j_;] [1 - (1 - ”) e —] (69)

It goes over into the second of Eqs. (37) as eo/e approaches unity,
since at the same time a(0) becomes equal to a(d).

The internal electronic transadmittance, or density-modulation
admittance, is

ymlz) = joC(1 — o) (M’ —?%) 7 [1 - (1 _ ff) Ne_%]_l. (70)

On comparison with the first of Egs. (35), it is seen that that equation is
obtained by putting e/e = 1 in the above. The density modulation
that is due to modulations in the beam at injection is



Sec. 3-6] LOW-VELOCITY GAP, NEGLECTING VELOCITY SPREAD 69
i) = ia(0)0e® + 2,(0) (=22 joreiv

. jeN\ -ZT. «,,  al0)  jON\ -%
+d-v (M 6)6 2[""(‘”(? 2@’ 6 )e i

+0(0) ( <d>> H (M - J%v) e-j_g] [1 - (1 - ?0) o ‘*__;]_1‘ )

By putting ¢’ equal to unity, the second of Eqgs. (35) is obtained.
The coefficient of — ,,( (x)) in v,(z) is the velocity-modulation

admittance

fn@) = juC(l — o’)

NG _J _7-1
j%(eoM/_i_a;]GN)e 2[1_(1_?)]\[@ 2] . (72)

It takes the same form as the first of Egs. (36) when ¢o/¢’ and /e are
unity. Finally, the velocity modulation that is due to modulations in
the beam at injection is

tm(z) = —1,(0) (v(:c)) 1 - )jﬁz’r’ Z_‘,’ P4
[0 -] d (sar

, 6NN\ % v(z) 0 a(0) . joN\ -2
+"T) [“”( )w(eM a@°7% )

T e IR R

This expression reduces to the second of Egs. (36) when o’ is put equal to
unity.

It is thus seen that, in order to transform the elements of the exact
shunt formulation into the elements calculated for the high-velocity gap

with constant d-¢ field, joC (1 - i:) and joC(1 — ¢’) in Ys, ya(z),
fm(z) are first replaced by their equivalent expressions as given by
Eqs. (66), and then—eé—0 and 3’ are put equal to unity in Vs, ., yn(2), fulz),

and ¢’ is put equal to unity in ¢,(z), v.(z). Hence the effect of space
charge in Yg, tm, yu(zr), fn(z) is essentially a dielectric effect while in
im(Z), vm(z) it is a debunching effect. However, the two effects are not
completely separable.



CHAPTER 4
BASIC CIRCUIT PHENOMENA AT HIGH FREQUENCIES

By J. K. Knipp

Microwave circuits are built of resonators connected by waveguides
and coaxial lines rather than of coils and condensers. Radiation losses
are eliminated by the use of such closed elements and ohmic losses are
reduced because of the large surface areas that are provided for the sur-
face currents. Radio-frequency energy is stored in the resonator fields.
The linear dimensions of the usual resonator are of the order of magnitude
of the free-space wavelength A corresponding to the frequency of excita-
tion, f = ¢/\, ¢ = 3 X 10% m/sec.

4-1, Cavity Resonators. Free Oscillations.—A simple cavity com-
pletely enclosed by metallic walls can oscillate in any one of an infinite
number of field configurations. The free oscillations are characterized
by an infinite number of resonant frequencies corresponding to specific
field patterns or modes of oscillation. Among these frequencies there is
a smallest one, fo; for it the free-space wavelength,

_ (3 X 108 m/sec)’

Jo

Ao

is of the order of magnitude of the linear dimensions of the cavity, and
the field pattern is unusually simple; for instance, there are no internal
nodes in the electric field and only one surface node in the magnetic
field.

The free oscillations of such a cavity are damped by energy lost to
the walls in the form of heat. This heat comes from the currents circu-
lating in the walls and is due to the finite conductivity of the metal of
the walls. The total energy of the oscillations is the integral over the
volume of the cavity of the energy density,

F(eoE? + poH?),
where E and H are the electric and magnetic field vectors, in volts/meter
and ampere-turns/meter, respectively, and e, = 3—(1—1 X 10~* farad /meter,

o = 47 X 10~7 henry/meter. The cavity has been assumed to be empty.
The total energy w in a particular mode decreases exponentially in time
70
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according to the expression,

where wy = 2xfy. In this formula @ is a quantity characteristic of the
mode; it is defined by

1_ energy lost in one cycle
Q  2x energy stored in the cavity

wol
The fields and currents decrease in time with the factor e 2.

Reasons for Reenirani Cavities.—The cavities of most klystrons and
microwave triodes and tetrodes are reentrant cylindrical structures with
circular cross sections (see Fig. 4-1). 'They are reentrant for two reasons.
When the cavity is excited, the gap, namely the region between the post
and the opposite end-plate, is a region of high electric field. It is through
this gap that the beam passes, the
electrons moving parallel to the
axis of the resonator and therefore
normal to the defining planes of the
gap. These planes are usually grids
that allow the passage of electrons
while serving to maintain a fairly
uniform field in the region. A high
electric field is desired for large
interaction between the beam and
the field. The second reason for a
reentrant cavity is that the gap,

being small, requires a relatively
short time for the transit of elec-
trons. Transit times greater than
a fraction of a cycle are almost

F1a. 4-1.—Cut away view of a reentrant
resonator with radial fin grids and coaxial
loop coupling.

always undesirable because of the

reduced effectiveness of the gap potential in modulating the beam and of
the electron current in exeiting the cavity.

Principal Mode.—The principal, or fundamental, mode of oscillation
of such a cavity, and the one with the longest free-space wavelength )\,
has electric and magnetic fields that do not depend on the angle defining
the half plane through both the axis and the point at which the fields are
being considered (see Fig. 4-2). In addition, the electric field is zero
only at the wall farthest removed from the gap and the magnetic field is
zero only at the center of the gap.

In this mode the magnetic field is everywhere perpendicular to the
plane passing through the axis and the electric field lies in that plane.
Lines of magnetic flux form circles about the axis and lines of electric
flux pass from the inner to the outer surfaces.
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The cavities that are used in microwave tubes almost always have

a narrow gap, that is, the depth of the gap is small compared with the
radius of the post (d < a in Fig. 4-2). If the radius of the post is much
less than one-quarter of the wavelength, and if the rest of the cavity isnot
small, the electric field in the gap is relatively strong and approximately
uniform over the gap. Tt is directed parallel to the axis and falls off
only slightly as the edge of the gap

Tz is approached. On the other hand,
the magnetic field increases from

/“\ zero at the center of the gap in such

& a manner that it is nearly linear
p— with the radius.

\ /4 ) The proportions of the toroidal

' " region outside the gap vary widely

in tubes of different design. It is

convenient to distinguish two types
T 8 of cavities. Radial-line cavities

0 % b have the general shape of flat pill-

v boxes with a center post. In such

a cavity the radial distance between

Fra. 4-2.—Cylindrical coordinates and the inner and outer walls is larger

resonator dimensions. than the height of the cavity

(b — a > h in Fig. 42). Coaxial-line cavities have the general shape

of one tube within another. In such a cavity the radial distance be-~

tween the inner and outer walls is smaller than the height of the cavity
(b —a < h).

In a radial-line cavity the electric field outside the gap tends to remain
parallel to the axis, aside from some distortion of the field that is caused
by fringing near the gap; it is weaker than in the gap and tends to become
zeto ag the outer circular wall is upproached. The magnetic field, on the
other hand, increases from its value at the edge of the gap and has its
maximum value at the outer circular wall.

In a coaxial-line cavity the electric field outside the gap changes its
direction in relation to the axis from paralle]l in the region near the gap
to perpendicular on going away from that region. Thus, in the coaxial
portion of the cavity, the electric field tends to be directed from the inner
circular wall toward the outer circular wall. Tt is weaker than in the
gap, and as the end wall away from the gap is approached it tends to
become zero. The magnetic field, on the other hand, increases from its
value at the edge of the gap on moving parallel to the axis away from the
gap and has its maximum value at the end wall away from the gap.

It is thus seen that, whereas the gap is a region of very large electric
field and small magnetic field, the reentrant portion of the cavity is a

— QL

| h=i+d
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region of large magnetic field and small electric field. The gap is the
capacitive region of the circuit, and the reentrant portion is the inductive
region. The direction of surface currents lies in the plane through the
axis. Charge flows from the inner to the outer conducting surface of
the gap by passing along the inner wall, across the end, up the outer wall,
and across the outer end. The current links the magnetic flux and the
magnetic flux links the current, as required by the laws of Faraday,
Biot and Savart.
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Fia. 4-3.—Curves for determining resonant wavelength Ao of fundamental mode of reentrant
cylindrical resonator for b/a = 2,00 and b/a = 2.25.

Resonant Wavelength for Principal Mode—The resonant wavelength
of a particular mode is found from a proper solution of Maxwell’s equa-~
tion, that is, one that satisfies the boundary conditions imposed by the
cavity. When the walls of the cavity conduct perfectly, these conditions
are that the electric fleld must be perpendicular to the walls and the
magnetic field parallel to the walls over the entire surface, where these
fields are not zero.

The resonant wavelength A, has been calculated by W. W. Hansen!
for the principal mode of the simple reentrant cavity illustrated in Fig.
4-2. Results based on these calculations are given in Figs. 4.3 to 4.7

1 W, W. Hansen, “A Type of Electrical Resonator,” J. Appl. Phys. 9, 654 (1938).

The curves are from Microwave Transmission Data, Sperry Gyroscope Co., New York,
1944.
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in the form of curves for particular values of the ratio of outer to inner
radius, b/a. The height of the resonator is & and the gap depth is d.
Sets of curves for two values of b/a are given in each figure; the larger is
the same as the smaller in the next figure. Curves for d/a are plotted
against h/a for particular values of ka, where ¥ = 2x/X,. By inter-
polating between the curves, Ay can be determined if the four dimensions
a, b, d, k are known; or if three dimensions and A, are known, the fourth
is obtainable. The curves are believed accurate to within a few per
cent.

In using these curves to determine the resonant wavelength of a
cavity it must be remembered that the bounding conducting surfaces of
the gap region have been assumed to be solid. It has been found, for
example, that two coarse grids constructed of radial fins (as shown in
Fig. 4-1) for the purposes of wavelength determination have an equivalent
spacing some 30 per cent greater than the physical spacing and that two
fine-mesh grids have an equivalent spacing some 10 per cent greater than
the physical spacing.

Unloaded Q and Shunt Conductance—In a cavity undergoing free
oscillations, the fields and surface currents all vary linearly with the
degree of excitation, that is, a change in one quantity is accompanied
by a proportional change in the others. The stored energy and the
energy losses to the walls vary quadratically with the degree of excita-
tion. Since the Q of the resonator is the ratio of these two quantities, it
is independent of the degree of excitation.

The resonator losses per second, besides being proportional to the
degree of excitation, are inversely proportional to the product of the
effective depth of penetration of the fields and currents into the walls,
the skin depth, and the conductivity of the metal of the walls. Since
the skin depth is itself inversely proportional to the square root of the con-
ductivity, the losses are inversely proportional to the square root of the
conductivity [see Eqs. (20) and (21)]. The losses are also roughly pro-
portional to the total internal surface area of the cavity; and this area
is proportional to the square of the resonant wavelength for geometrically
similar resonators. The skin depth is proportional to the square root
of the wavelength, and hence the losses per second are proportional to
the three-halves power of the resonant wavelength.

The loss per cycle, which is the quantity that enters in Q, is propor-
tional to the five-halves power of the resonant wavelength. Since the
energy stored is roughly proportional to the volume, or the cube of the
wavelength, the @ varies as the square root of the wavelength for geo-
metrically similar cavities, a relationship that is exact if the mode is
unchanged because the field patterns are the same [see Eq. (23)]. In
general, large cavities, which have large resonant wavelengths in the
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principal mode, have large values of @. Cavities that have a surface
area that is unusually high in proportion to the volume, such as reentrant
cavities, have @'s that are lower than those of cavities having a simpler
geometry.
The shunt conductance G as given by the expression,

energy lost per second

pr—— ?

V()?
is defined only when the voltage V() is specified. In a reentrant cavity
the potential across the gap varies only slightly over the gap if the gap

G:

h=d h=6d r=12d h=184 h=24d
., Rx1075 0054 200 —J [
e=2d §,10"3 0703 ' 240 274
: 153 2.24 ' 223
: 222 %
— R oo
a=8d Rx 10-5 '0.054 0.394 0.41 I]_[] H
@x107* 0703 153 164 0304 0160
: 1.19 0.79
—_— — 1
a=12d Rx107° 0.054 0.110 0.083 1 71
Qx107? 0.703 1.07 89 0051 o026
0. 066 0423
b in inches

:3 0.020] 0.485 | 0.472 | 0.378 | 0.204 | 0.113
N=3.2cm £ 0.080 | 0.485 | 0.294 | 0.163 | 0.120 | 0.102 d=0.010 inch

c

‘e 0.120 | 0485 | 0.242 | 0.198 | 0.179 | 0.172

0.010 0060 0120 0.180 0.240
h in inches

F1a. 4-8.—Shunt resistance R in ohms and @ for copper resonators having 3.2-cm resonant
wavelength and 0.01-in. gap depth.

is narrow and the rest of the cavity is not small. A unique definition
is obtained for G by using for V(¢) the potential across the center of the
gap. The gap voltage is proportional to the degree of excitation, and
hence the shunt conductance is independent of the degree of excitation,
as expected.

For geometrically similar cavities the shunt conductance varies
inversely as the square root of the resonant wavelength for the same mode
of excitation. This relationship exists because for the same excitation
V(%)? is proportional to the square of the wavelength and the loss per
second to the three-halves power of the wavelength.

Both the unloaded @ and the reciprocal of the shunt conductance
vary as the square root of the conductivity of the metal of the walls.
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h=d h=3d h=6d h=9d  h=12d
Rx16° 0214 086 —r— O M
a=d —3 g 274 388
Qx10 1.36 1.65 g 3.65
2.38
2.58 2.32
- | ovem—" o, sm—— |
_,, Rx10° 0214 0.600 e iyt I
a=4d -3 111 0.860
Qx10 1.36 154 - 0.525
2:34 2.04 142
[— —— e
e=gd B 10_: 0.214 0.286 0.308 1 Il
Qx10 1.36 1.09 ' 0.200 0.126
1.60 117 0.82
b in inches

£ 0.020 [0.485 | 0.456 | 0.430] 0.321 [ 0472
No=32cm £ 0080 | 0485 | 0404 | 0.251 | 0167 | 0127 | d=0.020inch
< 0.160 | 0.485 | 0.328 | 0233 | 0199 | 0.183
0020 0060 0120 0.180 0240
h in inches

Fig. 4-9.—Shunt resistance R in ohms and Q for copper resonators having 3.2-cm resonant
wavelength and 0.02-in. gap depth.
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Fia. 4-10.—Shunt resistance R in chms and Q for copper resonators having 3.2-cm resonant
wavelength and 0.04-in. gap depth.
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Fig. 4-11.—Shunt resistance R in ohms and Q for copper resonators having 3.2-cm resonant
wavelength and 0.06-in. gap depth.
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Fia. 4-12.—Shunt resistance R in ohms and @ for copper resonators having 3.2-cm resonant
wavelength and 0.10-in. gap depth.
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Approximate values of @ and R = 1/G are given in Figs. 4-8 to 412
for copper cylindrical resonators with circular cross sections having
particular values of @, b, d, h.! All the resonators have a resonant
wavelength of 3.2 cm. The gap depth is constant for all the resonators
of a particular figure. The three resonators in any column have the same
height. The first resonator in any row is a pillbox cylinder; the remain-
ing four resonators in the row have the same inner radius. The outer
radius required to give N\s = 3.2 cm is to be found in the table in each
figure. The values of @ and R are believed accurate to 10 per cent for
resonators that are highly reentrant and to 25 per cent for those that are
less so. The values are exact, however, for the pillbox resonators.
Cavities of similar proportions are obtained by scaling a, b, d, k in propor-
tion to the wavelength desired; @ and R are then proportional to the
square root of the wavelength. Values for metals other than copper are
in proportion to the square root of the conductivity.

An examination of the values of K shows that R increases with d for
fixed a and k, as expected because of the reduced current flow necessary
to produce the same value of the gap voltage.

Comparison with Lumped-constant Circuit.—In many respects the
behavior of a resonant cavity resembles that of a low-frequency shunt
LRC-circuit. For such a circuit, wo = 1/4/LC and Q = w,CR. In a
highly reentrant cavity the effective capacitance is given approximately
by C = emra?/d, and L can be assumed to be defined by wo and C.

For the lumped-constant cireuit,

Q (607!'(12)
R— = Wwo d .

If this relation held for cavity resonators, Q/R should be constant for
the rows (fixed d and a) and should vary as ¢® in the columns (fixed d)
of the Figs. 4-8 to 4-12. The values of @Q/R X 10? mhos obtained from
Fig. 4-11 are:

22 1.1 079 0.61 046
22 18 13 11 13
22 27 30 22 15

The lack of complete similarity in behavior to that of a low-frequency
circuit is apparent and is the greatest with regard to the change with a
in the columns; if the similarity were perfect, the numbers in the first,
second, and third rows of any column would be in the proportion 1 to
16 to 64.

! Diagrams are from Microwave Transmission Data, Sperry Gyroscope Co., New
York, 1944, and are based on the calculations of W. W, Hansen.
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The main value of the analogy between resonators and lumped-
constant circuits lies not in the extension of characteristic parameters to
other geometries, in which the anal-

ogy is not very reliable, but in the ”"-——’

fact that the equations for the forced

excitation of resonators and lumped- V(t) G L

constant circuits are of the same general T

form. Fia. 4-13.—Lumped-constant cirecuit;
If, for example, it is assumed that @ = 1/VEIC, @ = woC/G.

the current i(f) passes into the shunt
combination of L, C, and conductance G (see Fig. 4-13), by Kirchhoff’s

laws,

i) = ch(” +1 / AV @) + GV ).

On taking the derivative and eliminating L,
di(t) _ dv(t) avy)
= C[ a0 + V() | + G—dt (1)

For forced oscillation with the frequency o,

o= orme(z-2)]v

Thus, there is defined the circuit admittance

wo

Y G+7NQC(——‘—‘)

w

These equations describe the excitation of the lumped-constant
circuit. Similar equations, with appro-
priate parameters, are obtained in the

AL — { —————* description of the excitation of a particular
f _J_ mode of the resonator [see for example Eq.
v ¢ Z, (43)). 'The parameters are best evaluated
L T by the investigation of the fields of the

Fre. 4-14.—Short-circuited Tresonator. It is to be expected that they
{anamision line of longty L4 depend on the frequency.
minated by lumped capacitance C. Coazxial-line Resonator as Short-cir-
cutted Line Terminated by a Lumped
Capacitance.—A cylindrical reentrant cavity having b — a < &k can be
represented approximately as a transmission line, of characteristic
impedance Z,, short-circuited at one end and terminated at the other
by a lumped capacitance C (see Fig. 4-14). This is a natural representa-
tion since the reentrant portion of the cavity is shaped like a coaxial
line and the capacitive region is well localized if the gap is narrow,
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The input admittance of a short-circuited lossless transmission line of

length [ is
1
Yi= o tan bl &)
where &k = 2r/\ = w/c, ¢ = 3 X 10® m/sec. Hence, the input admit-
tance of the shunt combination of capacitance and line is

1

AT 3)

Y = juC +
At resonance the total susceptance is zero. Therefore the resonant
frequency is given by the expression,
N S
" Zo tan (wol/c)
If ZewoC < 1, as is possible if the capacitance is small,

wl _ 2el 7
T N 2

woC (4)

(or 83x/2, etc.) and the wavelength in the principal mode is very nearly
four times the line length. Such a cavity is called a ‘“quarter-wave
coaxial”’ resonator. If the characteristic impedance and length of
line are not changed but the capacitance is increased, the resonant wave-
length in the principal mode becomes greater than four times the line
length, and consequently the resonant frequency is reduced. The charac-
teristic impedance of a coaxial line of inner radius a and outer radius b is
simply

1 Mo b

z ; In E;
where it has been assumed the line contains no dielectric material.

The resonance condition can be used to eliminate the characteristic

impedance in the expression for the input admittance of the resonator;
thus is obtained the expression,

w tan kol

Y = jul (w_o " tankl )’ (5)
which for kol and k! < 1 reduces to

Y = jwC (< — ﬂ)

wo (4]
It is clear that a lumped conductance G at the same end as the capacitance
would merely add @ to this equation. Losses distributed along the line,
and input or output connections at a particular point in the line, could
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be introduced in terms of conductances and susceptances and treated by
the methods usual to transmission line theory.

In a similar manner, a cylindrical reentrant cavity havingb — a>> h
can be represented approximately as a transmission line, with a varying
characteristic impedance, short-circuited at one end and terminated at
the other by a lumped capacitance. The appropriate line is a radial
transmission line. It is formed of parallel metal disks between which
fields are established, which travel in and out from the center. The short
circuit is a circular metal wall at the outer circumference of the disks
and the lumped capacitance is a gap at the center between a post and
one of the disks, The quantitative description of radial transmission
lines is best given with the aid of a chart such as is found in the book
by Ramo and Whinnery.!

4-2. Resonator Fields in Principal Mode. Fields, Currents, and Space
Charge.—For a cavity containing no dielectric material Maxwell’s
equations are the two divergence relations,

po divH =0, € divE = p, 6)

and the two laws of induction

curl E = — o 28, cur1H=eo%—]f+J. )

FZ)
Rationalized mks units are used. The magnetic field H is in ampere
turns/meter, electric field E in volts/meter, charge density p in coulombs/
meter?, current density J in amperes/meter?, The dielectric constant e
is (1/36w) X 10~* farad/meter and the permeability uo is 4x X 107
henry/meter. The magnetic flux density wH is in webers/meter?;
magnetic flux changing at the rate of one weber/sec generates one volt.
There is frequent use for the two relations:

1_ =c¢ =3 X 10 meters/sec, £ — 120 ohms,
Voo €

The laws of electrodynamics can be expressed in differential form by
Maxwell’s equations or in integral form by applying the divergence
theorem and Stokes’s theorem to Maxwell’s equations. By the diver-
gence theorem the volume integral of the divergence of a vector is equal
to the integral over the surface of its outward normal component. By
Stokes’s theorem the integral of the normal component of the curl of a
vector over a surface bounded by a closed contour is equal to the integral
around the contour of the tangential component of the vector, the direc-

18. Ramo and J. R. Whinnery, “Fields and Waves in Modern Radio,” Wiley,
New York, 1944,
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tion of the integration corresponding to right-handed motion with regard
to normals to the surface.

When applied to Maxwell’s two divergence equations, the divergence
theorem gives the result that the total magnetic flux passing through any
closed surface is zero and the total electric flux is equal to the charge
interior to the surface; these are forms of Gauss’s law. From Stokes’s
theorem, when applied to the two induction equations, it follows that
the line integral of the tangential component of the electric field about
any closed path, that is, the induced voltage, is the negative of the
rate of change of the magnetic flux that has been linked by the path, and
that the line integral of the tangential component of the magnetic field
about any closed path is equal to the rate of change of the electric flux
that passes through any area bounded by the path plus the total con-
duction current that passes through that area. These are Faraday’s
law and the law of Biot and Savart modified to include the displacement
current, which is the rate of change of electric flux through the area.

The total current density is the sum of the displacement current
density and the conduction current density,

JE
EOW +7J;

and, since the divergence of the curl of a vector is zero, the total current
density is without divergence. The line integral of the tangential compo-
nent of the magnetic field around any closed path is equal to the total
current linked by the path. The continuity equation,

ap . _
3 + divJ =0, (8)

can be obtained by writing the divergence of the total current density
equal to zero and replacing ¢, div E by the charge density.

The fields E and H are zero in perfectly conducting walls. From
the laws in integral form it follows that, at the surface of the cavity, E
and H must be, respectively, normal and tangential to the walls where
these fields are not zero. Also it follows that there is on the walls a
surface current equal in density to H at the surface and perpendicular
to H and a surface charge density equal to &E.

Fields in Empty Coazial-line Cavity—Microwave tubes are built
with cavities of both the radial-line and coaxial-line types. Most
klystron cavities are radial-line cavities. The Neher r-f amplifier and
most lighthouse tube circuits have coaxial-line cavities.

It is possible to give for both types of cylindrical reentrant cavities a
crude but instructive mathematical description in terms of approximate
~ solutions of Maxwell’s equations. In this chapter the coaxial-line cavity
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is so treated. It is selected because the fields outside the gap can be
approximately represented in terms of sines and cosines rather than Bessel
functions. The difference in degree of simplicity is just the greater
simplicity of coaxial transmission lines over radial transmission lines.

The mathematical analysis of this chapter is illustrative rather than
exact., Formulas are derived that apply only to coaxial line cavities
and are only approximate. They serve to illustrate, however, the kind
of relation that might be expected for other less easily treated cavity
types.

In the principal mode of both radial-line and coaxial-line cavities
only E,, E,, and H, are different from zero and these quantities are
independent of ¢ (see Fig. 4-2 for cylindrical coordinates and dimensions
of the cavity). The magnetic field automatically satisfies the condition
of having no normal component at the walls. If the cavity is empty,
p and J are zero.

If the gap is narrow, the electric field in the gap is practically space-
constant. Thus

E.- -V E-o )
d
where V is the gap voltage. Since 2xrH, is equal to the displacement
current 7rie dE./dt,
—T€ dV
H, = 5d d (10)
The magnetic field in a uniform gap is proportional to r.

In a coaxial-line cavity, E, is practically zero outside the gap except
for the fringing field. Maxwell’s equations are very simple. Of the
two divergence equations there remains only

10 um) =o. (1)

The first curl equation gives

OF, _ _, o,

or M e (12a)

and the second gives

oH, 0E, 19

ax ~ “at’ 7o

(rHy) = 0. (12b)

It can be concluded at once that in the coaxial portion the electric and
magnetic fields are proportional to 1/r.

At the end of the cavity near the gap both E, and E, are present and
the field equations are more complicated. If both d and b — a are
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small compared with [, however, it can be assumed that the fields in the
gap out tor = a, and in the coaxial portion of the cavity up toz = I, are
given approximately by the preceding equations.

In the coaxial portion there is the boundary condition that E, is
zero at z = 0, If the form,

H, = cos k:v

—— h(®), (13)

where h(f) is an amplitude factor, is assumed, then from the first curl

equation
ok, cos kx dh
ax T

el

and the condition is satisfied if
wo sin kx dh (14)

The second curl equation is satisfied if
2
oo T+ ke = 0, (15)

Hence, if k() is proportional to e/,
k? = wleouo. (16

Resonant Frequency.—The condition at resonance is found by express-
ing the potential between inner and outer circular walls at z = [ in terms
of the gap potential and matching the magnetic fields at z = I, r = a.
The magnetic flux linked by the closed path across the center of the gap,
along the metal end wall tor = b, down the side wall to z = 1, and radially
inward to the axis is neglected because both the magnetic field at this
end of the cavity and the enclosed area db are small. Hence, the line
integral of the tangential electric field around this path is approximately
zero. Since the tangential electric field is zero on the walls,

k a
/ de,—i—-ﬁ d&rE, = 0;
1

and therefore, using Egs. (9) and (14),

bdh
V = sin klln - rET 17)
From Eqgs. (10) and (13),
: —aedV _ cos kl A (18)

2d dt «a
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On eliminating V from the last two equations and using Eq. (15),
a? b
ko ﬁ tan kul 111 E = 1, (19)

in which k, has been written for k. This is an approximate condition for
ko from which the resonant frequency can be determined. On comparing
with Eq. (4), it is seen that, with C = ewa?/d and
Zo= L [P b,
a

the equation for resonance derived by considering the resonator as a short~
circuited coaxial transmission line of characteristic impedance Z, termi-
nated by the capacitance C is the same as that just derived from
approximate field considerations. By usingthe exact solution of Maxwell’s
equations, the resonant frequency can be determined exactly. A
calculation based on a fairly exact solution was used in computing the
curves of Figs. 4-3 to 4-7.

Unloaded Q.—Because of the finite conductivity ¢ of the metal of the
walls, the fields penetrate to an average depth

2
6 = v (20)
This distance is called the ‘“‘skin depth.” The fields and currents fall
off exponentially from the surface into the metal walls according to

¥y
e ° where y is the perpendicular distance from the surface into the metal.
The conductivity of copper is ¢ = 5.7 X 107 mhos/m; and, since copper
is nonmagnetic, u = po. Hence, in copper, for A = 3 em, § = 0.67 X 10—
cm.

The surface current, which is equal in magnitude to H, at the wall,
can be considered concentrated in a layer of resistive material of thick-
ness 8. The instantaneous power lost per unit area is

1 wiod

The total energy lost per cycle is the surface integral
Thod / dSH?, (21)
over the interior walls of the cavity. The quantity H3 is the short-time

average (average over one cycle) of the square of the magnetic field and
is equal to one-half the square of the peak value.
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The energy stored in the resonator is the volume integral

Ho / dVHE,. (22)

Hence the unloaded @ of the resonator, as defined in Sec. 4-1, is given by
s / asT.

0°32 (23)
[ VI

Since, in general, H has a loop at the surface, the mean surface value of
H3 might be thought to be roughly twice the mean value throughout the
volume. In a reentrant cavity, however, it is probably a better approxi-
mation to assume equal mean values, and to write

188

Q v
where S is the total interior surface and V is the total volume of the cavity.

If the approximate fields derived in this section are used, the surface

and volume integrals oceurring in the unloaded @ are easily calculated.
To simplify the result, the losses and magnetic energy stored in the gap
are neglected, and in the integration over the inner post ! is replaced by h.
There is then obtained the expression,

_ 1 + cos? kh 1 1 1
Q=" [kh  sin kR cos kh T 2Tn b/a (k—a + H,)]- 24

The terms in this formula are the relative contributions of the bottom
and top, inner, and outer walls, respectively.

If the resonator is approximately a quarter wavelength, kh = x/2,
the formula simplifies to

1 45 b A
o~ [1+81nb/a< +E>]' (25)

For fixed b, the highest @ is found for a = 0.28b, for which

1 48 A
o~ (1 +2zb>

In the limit b/A <1, 1/Q = 1.885/b; the losses in the bottom are
negligible.

Shunt Conductance.—The gap potential can be expressed as a surface
integral by taking the line integral of the electric field over a closed path
that crosses the gap at the axis and links all the magnetic flux of the
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cavity by remaining in the metal walls on the return path. Thus the
following equation is obtained:

V= —uo% f dS'H,. (26)

The area over which the integration extends is one-half the cross-sec-
tional area cut by a plane through the axis.
The energy lost per second is

) —_—
3‘%1 dSH?, 27

and therefore the shunt conductance is given by the expression,

i / 4SHE » / dSHE
¢G=-2J4 -0 J T 28)

If the integrals are assumed proportional to the areas,

. 5)\ €9 i
G = 4r \ o S
where S is the total interior surface of the cavity and 8’ is one-half its
cross-sectional area defined by a plane through the axis.

With the simplified fields used in calculating @, the shunt conductance
of the coaxial-line eavity is given by

_ € | 1+ cos?kh 1 1 L kh
G = mkd \/,;:0 [sin2 kh1nb/a + 2(ln b/a)? (E + H> (m
1
+ tan kh)] (29)

The values of @ and R in Figs. 4-8 to 4-12 were calculated from formulaa
similar to Eqgs. (24) and (29). It is to be noted that Eqs. (4), (24), and
(29) do not satisfy the lumped-constant ecircuit relation QG = we(?
since in Eq. (4) C is defined as e4 /d.

If the resonator is approximately a quarter wavelength, Eq. (29)
simplifies to

o 20% e 1 1 Y
G“T\/;,mb/a[l+81nb/a<a+”5)]' (30)

Damped Oscillations.—The cavity losses have the effect of introducing
a damping factor into the equation governing the time variation of the
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oscillations. Instead of Eq. (15) the equation for the amplitude h(f)

becomes
wo dh

Q d

If the form h = hee** is assumed, it is found that w is complex and is
given by the expression,

@ = Fuwy 4/l = 4Q2 +3J 'ZQ (32)

Therefore the fields have the time factors
b e\ L
P P g (33)

Since any quantity linear in the fields contains % or its derivative,
such a quantity obeys this amplitude equation because the equation
is homogeneous. In particular, the gap voltage satisfies the amplitude
equation, which can be written in the form

av
(dt2 +w )+G‘d—t=0, (34)

where C is defined as QG/w,.
4.3. Cavity Excitation in Principal Mode. FExcitation by the Beam.—

t2 + wih + 5 5 = 0. (31)

If a beam passes through the gap, conditions are altered by the presence

of current and space charge in the cavity. Because of the space charge,
the electric field is no longer constant in the gap. If the beam is uniform
as assumed in Chap. 3, the electric field is still directed parallel to the
axis and the gap voltage is the integral,

A
V= — ﬁ dz B, (35)

where E. is a function of x as well as {, its space derivative being deter-
mined by the charge density through the divergence equation.

The total current I passing through a uniform gap is a function only
of t because it is without divergence. But the total current is equal to
the line integral of the magnetic field around the edge of the gap; thus

I = 2raH,. (36)

Because of the fringing of the field at the edge of the gap, neither I nor
H, is completely constant across the edge of the gap; if the gap is narrow,
however, the effect of fringing on both is small.

The total current is the integral over the area of the gap of the sum
of the displacement-current density and conduction-current density,
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and is given by the expression,

I= [ s (eo%j—f + J')- 37

In a uniform gap the right side can be averaged across the gap and V
introduced; thus

av | .
I = —C'-d—t‘ + 1, (38)

where in this equation C = e;A/d and i/4 is the average conduction-
current, density in the gap. This fundamental relation for the uniform
gap was derived in Chap. 3 from the divergence relation and the con-
tinuity equation. By combining Eq. (38) with Eq. (36), there is obtained
the expression,

, av

1= C—(,ﬁ + 2TGH¢, (39)
where H, is the magnetic field at the edge of the gap.

It is seen that the presence of the beam has two primary effects:
the effect of space charge on the electric field, which is sometimes negligi-
ble, and the addition of the conduction current to the displacement
current. Outside the gap the fields are essentially unchanged except
in amplitude.

Just as in the empty cavity, the gap voltage and the magnetic field
at the edge of the gap for a coaxial-line cavity are, respectively,

_ B b dh
V= T smlcllnam;
H¢=cosklh.
a

Hence, at the edge of the gap

My _ k1

3 " amtenFmbja (40)

which can be substituted in the derivative of Eq. (39). There is obtained
the expression,
di
di

av ok 2x
T +——F V. (41)

M0 ton kl1n 2
a

{

=C

To take into account cavity losses, a term of the form GdV/d¢ should be
added to the right member of this equation. The factor 2x/In (b/a) can
be eliminated by using the resonance condition, Eq. (19). When these
changes are made,
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di d*V | wwo tan kol dV
- ¢ (dt2 * tan K ) +OF (42)

The equation just obtained serves to determine the excitation of the
cavity by the beam. Consistent with the approximations made,

Wwo tan k’ol
tan ki
can be replaced by w§. Hence
& - ( Y+ av) +ei 43)

This equation has exactly the same form as Eq. (1), which was derived
for a lumped-constant circuit. If ¢ contains the component. 7,6/,

[onc (-0 - —) + G] Ve

The response of the resonator to the driving current is that of a circuit
with the admittance

Y—]woC(—— ~)+G

The Output.—The output lead of the resonator can be a metal loop
or probe in the cavity connected to a coaxial line or directly to another
cavity or a window looking into a waveguide or another cavity. The
output contributes to the power losses and also affects the resonant fre-
quency. The general effect is to add terms of the form,

4.5+ B+ 6. Y,

to the equation describing the excitation of the cavity. Such terms
depend on the nature of the load and are frequency-dependent. For a
particular frequency they add an admittance, jwA . 4 (1/jw)Br + Gy,
to the gap admittance, which then becomes an expression of the form,

JonC (‘— - '—) + Gar + Gi.
@o

In this expression, w, is the new resonant frequency and C is the new
effective capacitance and Gzr = Gs + Gz is the sum of conductances
due to resonator and beam losses. The power outputisGrV2 Because
of the resonator losses and losses to the beam the power output is only a
fraction of the total power produced; this fraction is called the circuit
efficiency.
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A detailed description of the coupling between the output lead and
the resonator is beyond the scope of this chapter and only a few qualita-
tive remarks will be made on the subject.!

A simple example of coupling from a resonator is an output lead
composed of a small loop on the side of the cavity connected to a coaxial
line. The magnetic flux that passes through the loop induces in it a
voltage,

= A, OHe
Vc = Acl~’~0 at (44)

In this formula, 4. is the effective area of the loop and H, is the magnetic
field at the loop; the area is assumed small and the magnetic field constant
over the area. If the disturbance introduced by the presence of the loop
is small, the magnetic field at the loop is approximately

H, = cos kx h,

T
where z and r are coordinates of the loop. Hence, if Eq. (17) is used,

8H, k coskr 1

81 puor sin kl In b/a v, (45)
and the voltage induced in the loop is simply related to the gap voltage
as follows:

Akcoskr 1

r sinkllnb/a

(46)

If the admittance looking into the line is a pure conductance G, and the
self-inductance of the loop is neglected, or regarded as part of the line
admittance, the power delivered to the line is G.V?; since it is also G,V

2
G, = <A,,.k coskz 1 ) .. 47)

“r sinkl Inb/a

This expression gives the output conductance as measured at gap in
terms of the conductance as measured at the loop for a coaxial-line
cavity and the conditions stated. If the output is not a pure con-
ductance, as is almost always the case unless very careful design require-
ments are met and the load is matched to the tube, it is clear that the
load contributes a susceptance in addition to a conductance at the gap.
The prime significance of the above formula lies in the factor AZ; this

1 For extensive treatments of microwave circuits, the reader is referred to other
books in the Radiation Laboratory Series, in particular: “ Waveguide Handbook,”
Vol. 10, edited by N. Marcuwitz; *Principles of Microwave Circuits,” Vol. 8, by
C. G. Montgomery, R. H. Dicke, and E. C. Purcell; “Microwave Magnetrons,’
Vol. 6, edited by G. B. Collins.
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factor indicates that, as the loop is turned, the gap conductance due to
the load changes with the square of the cosine of the angle which it
makes with the plane through the position of the loop and the axis.
1t is, of course, obvious that if the loop is placed in a part of the cavity
where the magnetic field is small, the output coupling is weak.

The presence of an output lead on the side of a circular cylindrical
resonator destroys the axial symmetry that the fields have in the principal
mode in the absence of the coupl ng device. Modes not having that
symmetry are excited and contribute to the stored energy, the losses, and
other general properties of the resonator. A discussion of these modes is
essential to the description of the effect of the output and they are the
basis of the exact calculation of the output characteristics.

The effects of external connections on cavity excitation are important
in the discussion of tube operation. Reference is made to the detailed
treatment of load effects on the performance of reflex klystrons that is to
be found in Chap. 15.



PART 1I

PLANAR SPACE-CHARGE TUBES






CHAPTER 5
THEORY OF H-F SPACE-CHARGE DEVICES

By J. K. Knirp

A microwave tube of planar grid structure contains a succession
of regions separated by parallel plane grids. The first of these regions
has a cathode that emits electrons, and these electrons form a beam that
passes through the other regions. In the absence of r-f fields, the motion
of the electrons of the beam is controlled by the d-c voltages on the grids
and the anode. If within a region of the tube the voltage relative to
the cathode is zero or negative, some or all of the electrons are reflected;
when such is the case, the beam contains a stream of oncoming electrons
and a stream of reflected electrons. If the cathode emits uniformly, if
the regions are shallow, and if the grids are of fine mesh, the beam and
the fields are fairly uniform and for most purposes can be described with-
out considering variations parallel to the grid planes.

The assumption of uniformity is made in this chapter. Hence the
general relations of Sec. 3-4 apply to each of the several regions of the
tube. It is also assumed that there is negligible penetration of electric
fields through the grids. Thus the discussion is restricted to high-mu
tubes. Since the grids are usually far from perfect transmitters of
electrons, it is assumed that only a fraction of the electrons incident on a
grid is transmitted by it. Although secondaries produced by the impact
of electrons on the grids and the anode can produce many complicating
effects, such effects are not discussed in this chapter. Finally, only low-
level operation is considered; the small-signal approximation is made.
All r-f amplitudes are assumed to be so small that quantities containing
quadratic and higher-order factors can be neglected. The theory is
linear in the r-f amplitudes.

The electrons from the cathode have a spread in velocity correspond-
ing to the temperature of the cathode. Because of velocity differences,
electron trajectories are not identical. If there is a potential minimum
outside the cathode, slow electrons are reflected and only those with
sufficiently high initial velocities pass the minimum. Moreover the
transit times of electrons traversing similar paths are different for elec-
trons in different velocity groups. Therefore it is necessary to include
the spread in velocity in a general theory of space-charge devices. The
velocity spread is particularly important in a space-charge-limited

97
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cathode-grid region in which the distance from the cathode to the poten-
tial minimum is not a negligible fraction of the cathode-grid spacing.
In most output regions, however, the velocity spread can be neglected
because of the high voltages that are usually used. It can also be neg-
lected in the grid-screen region of most tetrodes, except when that region
contains a virtual cathode. Also, an input region with a temperature-
limited cathode can be treated by the single-velocity theory with a fair
degree of accuracy. In fact the single-velocity theory has considerable
validity with a space-charge-limited cathode if the cathode emission
is such that the potential minimum lies near the cathode surface.

The different regions of a tube interact through the beam and through
outside coupling devices that affect the gap voltages. The properties
of the beam as it leaves one region, together with the nature of the sep-
arating grid, determine the properties of the beam as it enters the
next region. The number of electrons can be reduced by capture by the
grid, but the velocities of the electrons that get through the grid are
essentially unchanged. The initial conditions in each region are deter-
mined by the final conditions in the preceding region. Hence the
characteristics of the tube as a whole result from a synthesis of the
characteristics of the individual regions.

What is usually required is the driving current in the output region.
This current contains contributions proportional to the input gap-voltage,
the negative of the coefficient being the electronic transadmittance, and
noise contributions arising from fluctuations in the cathode emission and
fluctuations due to the random nature of the process of capture of elec-
trons by the grids. If the velocity spread in the output region is negligi-
ble, the driving current is a linear function of the r-f output voltage and
the density and velocity modulations at injection. The latter two
quantities are related to the density and velocity modulations at the
plane of exit of the preceding region. A simple assumption is that the
density modulation at injection into the output region that is not due to
the action of the grid is a definite fraction of the density modulation at
the plane of exit of the preceding region and that the two velocity modula-
tions are the same. This assumption is certainly valid as long as the
velocity spread of the incident electrons is a small fraction of the average
velocity. When such is not the case, the velocity dependence of the
capture mechanism can affect the relationship. In the input region
the density and velocity modulations at the exit (grid) plane are the
sums of contributions from the input gap voltage and from fluctua-
tions in the cathode emission. If the tube is a tetrode, the grid-screen
region is usually not a part of a resonant circuit and no r-f voltage devel-
ops in this region. The density and velocity modulations at the exit
(screen) plane of this region are linear functions of the denmsity and
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velocity modulations at the entrance (grid) plane. The latter are simply
related to the modulations at the exit plane of the input region, which in
turn are sums of contributions from the input gap voltage and from
fluctuations in the cathode emission.

The characteristics of a single region are expressed in terms of quanti-
ties that contain the frequency and depend only on the d-¢ properties
of the beam. Three of these are coefficients of the r-f gap-voltage; they
are the beam-loading admittance, the density-modulation admittance,
and the velocity-modulation admittance. In addition there are excita-~
tion and modulation functions, which give the effects of the density
modulation at injection of infinitesimal velocity groups. If the velocity
spread is negligible, these functions reduce to excitation and modulation
matrices. The elements of these matrices are obtained from the
Llewellyn theory, which is developed in Sec. 3-6. Only a beginning has
been made in the solution of the problem of finding the admittances and
excitation and modulation functions for a region having a spread in
velocity.

In the next section are to be found precise definitions of the quantities
just introduced. In the section following are presented some general
relations for the triode and tetrode. Next are four sections on the
application of the single-velocity theory. In the remaining three sections
some of the simpler problems of velocity-distribution phenomena are
discussed.

5-1. Characteristics of a Single Region.—As a beam passes through a
region of a tube, its most important properties are the driving current
and the density and velocity modulations at the plane of exit. These
properties can be regarded as produced partly by the gap voltage and
partly by the modulations present in the beam at injection. Thus in
the shunt formulation of Sec. 3-4,

e = —V.Y5 + i,
7vu(d) = = wym(d) + im(d)y

v(d)

(1
v,(d) = =V, (’_—IO) ffn(d) + vn(d).

The coefficient Y5 is the beam-loading admittance, the coefficient yn(d) is
the density-modulation admittance at the exit plane, and the factor
fn(d) is the velocity-modulation admittance at the exit plane. The
quantity 1, is the exciting current and the quantities i.(d) and v.(d) are
the density modulation and velocity modulation, respectively, at the
exit plane arising from modulations present in the beam at injection.
The beam-loading admittance is conveniently combined with the
resonator and load admittances (measured at the gap), and the total
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circuit admittance, Y = V5 + Yz + Y., is introduced. The gap
voltage arising from modulations in the beam at injection is then given by
the simple relation,

in = V.Y. )

In the input there is, in addition, the gap voltage caused by the signal.
The signal, of course, has its own noise components.

Velocity Distribution.—The velocity spread of the electrons of the
beam is described with the use of a current distribution function i(z,,?).
The electron current at the plane z at time ¢ due to electrons with veloci-
ties in the range v to v + dv is i(z,v,t)dr. The lowest (or most negative)
velocity at the plane z at time ¢ is v/(x,t). The electron current then is

iz,t) = / dv i(z,t), 3)
w(z,t)

and, if ¢!(z,t) = 0, the average velocity of the electrons passing through
the plane x at time ¢ is

/;l(“) dv m(x,v,t).

v{z,t) = = .
_/;l(z’t) dv 1(z,p,t)

4)

These quantities have their d-c and r-f components, i(x) = —~I,, 7.(z),
v(x), v,{x), which can be expressed in terms of the d-c and r-f components
of the distribution function, 7(z,»), 7.{zv), and the d-¢ and r-f components
of the lower limit in the velocity, #'(z), v%(x).

Ezxcitation and Modulation Functions.—The exciting current and the
density and velocity modulations at the plane « due to modulations at
injection can be expressed in terms of the modulations in the distribu-
tion function at injection. If electrons enter the region only at the first
plane, ag is assumed, any electrons with negative velocities have been
reflected in the region and come originally from the first plane with posi-
tive velocities. Hence if the lower limit of the total distribution at
the first plane is negative or zero, as is the case when that plane is the
cathode, the distribution of the injected electrons extends from zero
upwards. The desired expressions are

im = /‘;Q v’ ’L'@(O,l)/)[.l.,‘(v'),
inl@) = ﬂ, d' 1, (00" sz, ©)
Dm(z) = ~v‘(ﬁ‘l) ) di)' i@ (O)UI)“"(x;v’)'
~20 JO
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The quantity p:(v') is the excitation function for modulations in the
injected current due to electrons in the velocity range »* to v’ + dv'.
The quantities p;(z;»’) and u,(z;v’) are the corresponding modulation
functions for the density and velocity modulations at the plane x, respec-
tively. If the lower limit of the total distribution at the first plane is
positive, additional terms must be added to the above expressions to
provide for the modulation of that lower limit. The excitation and
modulation functions contain the frequency but depend only on the d-¢
properties of the beam. It is clear that u;(v') is the space average of
wilz').

Llewellyn Approximation.—If all the electrons at a given plane at a
given time have the same velocity, which is the basic assumption of the
single-velocity theory, 7,(0,0') is readily shown to be given by the
expression

1,(0,0") = 7,(0)8(r" — v(0)) + Iw.,(0)8'(» — v(0)) (6)

where 8(»") and §'(v’) are the Dirac delta function and its derivative.
These two functions have the property that for any function f(v")

/ av’ 8(v)f(v") = f(0),

[ vwrser = - [490],

provided the integrations include the origin. Substitution of Eq. (6) in
Eqgs. (5) leads to the expressions

m

1{0)m:(©(0)) — Iw,(0) [6%’ m(vl)]vw)’

tn(z) = W(0)ui(z0(0)) — Iw.(0) [ai’ #f(x;v’)J o ™
vm(z) = (x) 16(0) o (230(0)) — Twa(0) [a 7 ko (250" )] (0)]

It is convenient to rewrite these equations in the form

z,,,(O)y,.. + ‘U,,,(O) < (d)) Mivy

im

to(0)pa(®) + 2.(0) (v( )) Hin(T), (8)
v(x)

Tm(T)
v,,,(:c) = ’LW(O) ( ) #w(z) + vw(O)ﬂvv(I)

EQ & ¢ ' 'RRARY e
LAS VEGAS BrANCH?
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By comparison of the two sets of equations,

= . = i 4
i = pi(v(0)), Hiv v( ) [av i(v )]w(O),
W@ = w0, @ =0 [ Zue| )@
Fm‘(x) = }l.,,(_‘l:;f)(o)), l‘vv(z) = U(I) [56— V(.x U’)}
It is seen that
d
wom [ an, =) [@@uw a0

Since im, 2m(z), and v.(z) for the single-velocity theory are given explicitly
as functions of 7,(0) and ».(0) in Sec. 3-6, the six elements of Eqs. (9) are
readily found from the formulas of that section. They can also be calcu-
lated from the general theory of the low~velocity gap without reflections,
by methods that are described in Sec. 8.

Excitation and Modulation Matrices.—The coefficients of Egs. (8)
define two matrices that are useful in the single-velocity theory of space-
charge devices. The first of these is the one-row two-column excitation
matrix,

o= (i pio);

and the second is the two-row two-column modulation matrix,
pi(x)  pin(z)
z) = .
“( ) [“vi(z) F’vv(x)
The excitation matrix is

a(0) ;j6N 8,
a(d)at‘) 7‘2He"]l (

e—i 8/2

e = [fe? M- , (11)

1~ ~> Ne-ior2
€

as is seen from Eq. (3.69). The field parameter & is not to be confused
with the Dirac delta function of Eq. 6. The modulation matrix at the
exit plane is

. [1 - (1 - fi’) Ne—%g] + (1 = )He [i—"M - “—% "’N]

w(d) = 2 i
-1 - ) “’[ —-(1-—?>Ne 2]+(1—-a)j—6;<:M

78N\ [e a(0) . jON
+5T)[:M‘@5T]
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_it :
76 [1 - (1 - ‘f) Ne 2] + @ —a)rlzi’ He—i
. et
v(0) . _ (e -;—"] i
b -a-o][1-(-2)~ 1~ (1-9)we ¥

+ (1 -0 (‘e—" M+ 57'%\") He—

(12)

The elements of this matrix are obtained from Eq. (3.71) and Eq. (3.73)
with z = d.

Single-velocity Admittances.—The beam-loading admittance in the
single-velocity theory is given by Eq. (3.68). It is

. €0 —"2-—0
]wC 1 - : Ne
Y = . ) (13)
- _ = Tz
1 (1 e) Ne

The density-modulation admittance at the exit plane is obtained from
Eq. 3.70) withz =d. Itis

. )
@ = 1900 = e (15)
1- (1 - ﬁ)) Ne_Jz_o

€

(14)

The velocity-modulation admittance at the exit plane is obtained from
Eq. 3.72) withz =d. Itis

. 2 €9 _70N —2—9

fn(d) = s (15)
1 - (1 - ﬂ’) Ne 2
€
In these formulas
()T _a(d)T?
r= d ) & = 2
and
_JoI JoT?

o _3

6’ ° -1 T @
These parameters are not independent, since

1—?=1—r+6, 1—a=(1-—r+5)§- (16)
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Also it is to be noted that

T v(O)_2 1.

a(0) _
a(d) ~

€p _Gj‘l’zo _1 _éozg
wC (1 - :) = T(é) = ,,7,(1 :) 4 (17)

Gar 13 5029
wC(l—U)=—2—(2>=;;;<l_;) 5

where Gy = 1/Vq, and po = JoT4/124¢,. For zero direct current, eq/e
and ¢ are unity, 8 = r — 1, and a(0) = a(d). For maximum direct cur-
rent, e/e is zero, o = —0(0)/o(d), 8 = 7 = (> 3 oy and a(0)/a(@) = o

Cathode-grid Region.—Velocity distribution phenomena are usually
most important in the input region, because of the low injection velocities,
wide thermal spread, and reflected electrons if there is a potential mini-
mum. If the grid has a high positive voltage and the cathode emission
is not too great, the current that reaches the grid plane is temperature
limited and there is an accelerating field everywhere in the region. A
potential minimum can be made to appear at the cathode by increasing
the cathode emission or decreasing the grid voltage. As the potential
minimum grows, electrons are reflected and the current that reaches the
grid plane is space-charge limited. There is a decelerating field between
the cathode and the minimum and an accelerating field beyond. If the
grid voltage is made sufficiently negative, the minimum reaches the
grid and disappears. There is then a decelerating field everywhere within
the region and only electrons with high velocities at injection reach the
grid plane.

The single-velocity theory can be used to give an approximate treat-
ment of the input region if the grid has a high positive voltage and the
current is temperature limited, or space-charge limited with a cathode
emission so large that the potential minimum is very near to the cathode.
With sufficiently high grid voltage, the spread of the transit angles of the
electrons which reach the grid plane is a small fraction of a radian. If
there is a potential minimum and it is very near the cathode, the angles
of the electrons that are reflected are all much less than one radian.
Hence those electrons that are reflected have a negligible effect on the
behavior of the gap and those that reach the grid plane can be regarded
as having a single velocity.

Temperature-limited cathodes are rarely used because of excessive
noise and the tendency of the cathode surface to disintegrate. In micro-
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wave tubes the cathode-grid spacing is often so small that the distance
from the cathode to the potential minimum is a good fraction of the
cathode-grid spacing. In fact with the currents used, the minimum
often occurs at the grid or disappears into the grid. A very large fraction
of the injected electrons is reflected and a good portion spends a large
part of a cycle in the region. These electrons have an appreciable
effect on the behavior of the gap.

Consistent Theory.—A complete, consistent theory of the r-f behavior
of a uniform region must take into account the distribution in velocity
of the electrons and include the effects of space charge. The r-f phenom-
ena are completely described in terms of the total r-f current (as deter-
mined by the rest of the circuit), the injected r-f electron current
distribution (as determined by the cathode or the preceding region),
and certain impedance and transfer coefficients. A complete theory
must provide these coefficients as functions of frequency.

A starting point in the theory is the defining relation for the total
current, Eq. (3-3). Rearranged and with the field replaced by the
acceleration a(z,t), it becomes

Bl 1) + (e, (18)
where
0= e =55

The quantities J(¢) and j(z,f) occur frequently in electronic theory and
have the dimensions of meter/sec®. If the electron current is one
amp/meter?, j(z,f) is 2 X 1022 meters/sec?.

If the beam is composed of a single stream of electrons, a stream
being a single-velocity group, j(z,f) in Eq. (18) can be combined with
the partial time derivative to give the total time derivative. The result
is Llewellyn’s equation, derived in Sec. 36,

da(z,t)
dt

—J(®).

This is the fundamental relation of the single-velocity theory of a uni-
form region. It serves to determine a(x,t), from which the electron
current and other quantities can be derived by the use of Eq. (18).

The problem is much more complex if the beam is composed of more
than one stream. To begin with

i@t = / dvj(z,v,b), (19)
vi(z,0) )
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where

. _ ezl
](I,v,t) - mAEo N

It is to be observed that J(f) is determined by the resonator and load
(the circuit) and that j(z,v,t) and ¢'(z ¢) are determined by the injected
current distribution and the acceleration experienced by the electrons.
Hence the acceleration enters on both sides of Eq. (18), which is in reality
an integral equation for the acceleration. This integral equation must
be satisfied by a consistent theory. In the small-signal approximation,
it breaks up into two integral equations, one for the determination of the
d-¢ characteristics and another for the determination of the r-f charac-
teristics. Examples of such equations are given later in the chapter.

5-2. General Relations for Multi-grid Tubes.—The exciting current
of the output of a multi-grid tube is the sum of a current proportional
to the input voltage and a current arising from fluctuations in the cathode
emission and fluctuations in the partition of the d-c current to the
grids. The exciting current is therefore represented as follows:

Pt = =1 VolaVm + [tx]one. (20)

In this expression Y,, is the electronic transadmittance of the tube and ix
is that portion of the exciting current arising from cathode and partition
fluctuations except for the noise current arising from the input noise
voltage due to cathode fluctuations. The total output noise exciting
current arising from cathode and partition fluctuations is

Tm .
- {'Y:lm Ym '+' llN]oun, (21)

where [// Y] is the input noise voltage due to cathode fluctuations.
The output power is [3G1]V.)|%.. and, neglecting noise,

[VwY]ouL = —[Vw]inym.

Since the input power is [§Grr|V [, Where Gar = Ga -+ Gz is the beam
loading and resonator conductance, the power gain of the tube is

On the other hand, the noise power out due to cathode and partition

fluctuations is
1[G Tm P
—é [WP]Out ’ - [?]i" Ym ltN]m“’ ’
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and therefore the noise figure of the tube is

1 [ %ﬂlml _ [L;]m Y + linlous

2
NF =1+ Gk T Af (23)

where k is Boltzmann’s constant, T’ is the temperature of the room, and
Af is the bandwidth of the detecting device. This formula includes
the input noise due to cathode fluetuations, which is partially coherent
with the remaining noise, but does not contain noise contributions of the
circuit. After the gain is substituted from Eq. (22), the formula for the

noise figure becomes
im liN]aul.
- [?:L + 7.

kTo Af

2

% Gse)n
NF =1+

(24)

A reduction in the input loading increases the gain and reduces the noise
figure.

The net current flowing to a grid, the grid current, is a quantity that
is sometimes of interest in circuit analysis. It is the difference in the
total currents in the regions immediately preceding and following the
grid,

Iﬂ = I.Iu] ding [Iul Mowi

The grid current is the sum of a current proportional to the input voltage
-and a current arising from fluctuations in cathode emission and fluctua-
tions in the partition of the d-c current to the grids. Hence it can be
represented as follows:

Ia = _[Vw]inymﬂ + iwg, (25)

where Y., is a grid transadmittance. The total grid noise current arising
from cathode and partition fluctuations is

- [E;]m Yoo + %x0. (26)

The electronic transadmittance Y,, and the noise current [ixjo.: are
calculated by combining the characteristics of the individual regions of
the tube. In general, velocity spread is negligible in all but the input
region. The density and velocity modulations at the exit plane of the
input region are assumed to be known and the single-velocity theory used
for the regions following. At each grid it is assumed that

[iw(o)]rouowiu = aﬂ[iﬂ(d)]nreoodinl + 7:07
[v(.. (0) ]followin‘ = [v“ (d) ]p,.,c.din,.
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In these formulas «, is the transmission coefficient of the grid and 7,
is the grid partition current. The grid partition current has the spectral
density,

Gi,(f) = 2ea,(1 — ag)l,

where — I, is the direct current in the region preceding the grid.

High-mu Triode—A triode containing a cathode-grid region (kg)
which is completely isolated, except for the unidirectional beam, from
the grid-anode region (ga) has an electronic transadmittance and output
noise current which are given by the formulas

Ym = a, {ly,,.(d)]k,,[#u]va + (@Dfn( Dl [%] },
. ge (27)
[ikos = {lz‘mu)lumlw + [~ Tl [v"@” lbde

The electronic transadmittance is seen to be the sum of two terms. One
term contains the density-modulation admittance at the exit plane of
the cathode-grid region and the other contains the velocity-modulation
admittance at that plane. Similarly, the output noise current has terms
containing the density modulation and velocity modulation at the exit
plane of the cathode-grid region; in addition it has a term proportional
to the grid partition current.

The grid transadmittance and the grid noise current are given by the
formulas,

-Y
Yo = | Yoleo — Y,,.[ Y"—i—l] ’
ga

Y (28)
7:Ng = lim]kg - liN]uuu [—Y_g + 1:|ga
If the output circuit is tuned, | —Y,/Y + 1l = [—jwC/Gl. and the
displacement current far exceeds the electron current.

The four expressions of Eqs. (27) and (28) are derived by the straight-
forward application of the relations of the preceding paragraph to the
two equations,

l’im]ou; = [iu<0)#ii + vw(o) (;E—;;) IJ-iv:La’

I, = [~ VoY, + e — [z,,,( YY + 1)]

and by the comparison of the results with Egs. (20) and (25).

Tetrode.—No appreciable r-f voltage develops in the grid-screen
region (gs) of a tetrode if that region is not part of a resonant circuit.
The formulas for the electronic transadmittance and output noise current
are
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Ym = auag [[yrn(d)]kv [e{d) Lo isdea + [0(@)fm(d)]eo [M&g)]w [wsilea
Miv Hiv
+ (@D kolo (@) rvi(d) o [@]m + [(D)fm(d)]eolpos (@)oo [@]M}

vk = ey | im @bl + 1= Torn( D D] gy @

. Hiv Hiv
@bl @@l | 25|+ 1~ @@l [ 25 ] |
+ e (@bt + 6@l | 25| | + b

In these expressions e, is the screen transmission coefficient and i3,
is the screen partition current. The electronic transadmittance con-
tains twice as many terms as for a triode because both the density
modulation and velocity modulation from the input region can, through
the action of the grid-screen region, lead to density modulation and
velocity modulation at the injection plane of the output region. Simi-
larly, there are twice as many terms from cathode fluctuations in the
noise output current; in addition there are both density and velocity
modulation contributions from the grid partition current as well as a
density contribution from the screen partition current.

The total current for the grid-screen region is just the exciting current.
The exciting current is the sum of a current proportional to the input
voltage and a current arising from cathode and grid partition fluctua-
tions. Thus

[’L'm],, = —[Vw]inYm’ + l.iN]ﬂﬂr (30)

which is a relation similar to Eq. (20). In this equation

Yo = a {lym(dnkv[u.-i].,. + (@) fn(@)]is [17'{3”)]]

(31
l_iN]aa = 0y [I_im(d)]ka[ﬂii]as + l_IOvm(d)]kﬂ [,')L(‘:i_”)':l } + iﬂ[”’i"]ﬂn
g8
as is seen directly or by the use of Eqs. (27) for the triode.
The grid transadmittance and grid noise current are
Yma = [Yn]ka - le, l
iNa = [im]kv - [iN]ns~ (32)

The screen transadmittance and screen noise current are
Yo = Yol — YM[ZL’+1] )

Y 8G

v (33;

?:Ns = liN]llﬂ - h:N}out[ Y 4 + 1—| .
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Egs. (29), (32), and (33) are derived from the three expressions

[im]out = [’iw(o)l-"iz + D”(O) (’1)—(_(5)0) “iv]m’
I, =|—-V.Y, + im]ka e [im]an

L=tk = [0 (S 1) ]

Similar relations are readily obtained for tubes containing four and more
regions.

§-3. Positive-grid Space-charge-limited Input with Minimum near
Cathode.—If the rate of emission of electrons by the cathode is such
that the potential minimum is very near to the cathode, the electrons
that are reflected spend but a smalll part of a cycle in the region and
their effect on the r-f behavior of the region is small. If in addition the
voltage on the grid is high, the transit angles of the electrons that reach
the grid are all approximately the same, since the spread in the velocities
at injection gives only a small spread in the average velocities during
the passage. Under these conditions the space-charge-limited cathode-
grid region can be treated approximately by the single-velocity theory.

In the single-velocity theory the maximum direct current occurs when
¢/e = 0. For this current the smoothing parameter ¢ has the value
—v(0)/v(d), which is practically zero since, under the assumption of high
grid voltage, v(d) > »(0). In addition r = § = 3, and a(0)/a(d) =~ 0.

Gap Impedance and Admittance.—The beam-loading impedance is
obtained from Eqgs. (3:65); with e/e = 0, it is

Therefore the gap impedance is
_ 1 ~i3
Z, = JL:)—C ll Ne ]

However from Eq. (17) 1/wC = ps2/60; hence the gap impedance can
be written as

1 ]
Zg =p0MN +Jw'—c,<1 '—NCOSE))
or alternatively as

Z, = po [MN - j%(l — N cos g)] (34)

The real and imaginary parts of Z,/p, are shown plotted in Fig. 5-1
as functions of the transit angle. For zero transit angle the gap behaves
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like a pure resistance. As 6 increases, the resistance becomes zero at
2r and it oscillates about zero with a period of 2x and a very small
decreasing amplitude. The reactance is everywhere negative, except

at the origin where it is zero. For small angles Z, = p, (1 —7J %’), for

very large angles Z, = p, (—— J g) = L; which is the impedance of the

/) JuC
empty gap.
+1.0
+05
Re (§2,;)
0
; I
) ;ﬁ—
_0 5 (]
-10
0 4 2 3r 4ir

Transit angle §

F1a. 5-1.—Dependence on transit angle of real and imaginary parts of diode gap impedance
assuming negligible initial electron velocities and complete space charge.

The reciprocal of Z, is the gap admittance
JoC

Yo= —F5

(1 — Ne 2)

It is conveniently written as the sum of a conductance and a susceptance

as follows:

1 MN

Yy = ;)[(MN)e + (%)2(1 — N cos g)?]
@ored)
[+ G (v

The dependence on transit angle of the factors multiplying 1/p, and jwC
in Y, are shown in Fig. 5-2. The conductance has the value 1/p, at
zero transit angle, drops to zero at 2x, becomes negative, and oscillates

+ juC
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about zero with a period of 2r and decreasing amplitude. The suscept-
ance, on the other hand, has the value 3wC/5 for zero transit angle, is
never greater than «C for any angle, but attains that value whenever
N = 0, at which times the conductance is zero. At very large transit
angles, Y, =~ juwC.

Exzxcitation Matriz and Input Notse—The excitation matrix is obtained
from Eq. (11) with /¢ and a(0)/a(d) zero and r = 3. Tt is

L

: )
i =~ {0 3‘%9 He—f"] L__@‘ (36)
1 — Ne 2

+10 1
%)
06 l(

Re[(pY,) /\
0 \/

'0'50 x r 3 o
’ Transit angle @

+0.5

Fia. 5-2—Dependence on transit angle of real and imaginary parts of diode gap
admittance assuming negligible initial electron velocities and complete space charge.
Note that the coefficients of the two quantities plotted are not the same.

Hence the noise exciting current of the input is
I 348 4 j(n+§)
2.,(0) ( q d)) 3L .
Q- Ne’?)

iy =

Thus since the coefficient of 7,(0) in %, is practically zero, the input noise
is almost entirely due to velocity fluctuations at the potential minimum.

For small transit angles
116

~ (0 3)¢ '3 (37
and for large transit angles
=~ (0 —3)e", (38)

The time average of the square of the current at the cathode plane is
related to the spectral density G:(f) of that current through the formula

W =1+ ﬁ " dG().
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Similarly
viO,t)z = 0(0)2 + '/:)n dva(f))

where @, (f) is the spectral density of the average velocity. For the pure
shot effect

G(N) = 2, Gu(f) = F T =07,

In the noise exciting current »,(0) is the modulation of the average
velocity of the electrons which reach the minimum. At the potential

minimum [v? — »(0)%] = %TT (1 — g); where k is Boltzmann’s constant

and 7 is the absolute temperature of the cathode. These electrons are
emitted by the cathode at random; and since the minimum is at the
cathode, the spectral density of the average velocity at the minimum is

o) = 22T (1-7)

Iom

The input noise can be regarded as coming from a voltage source in a
series input circuit for which

~ (0 ("Io) 3%0 He_j("+%)_

% = GuC \o(@d)
Therefore, since
[2.(0)]2 1o 962
2~ _ - 2
lel* ~ "o G@) T8
the spectral density of the voltage source is
G.. ~ Gupi2kT (1 _ 1—4') OH? = podkT3 (1 _ g) o @39)

4
Since H is unity for zero transit angle, this formula expresses the familiar
effect that at low frequencies a space-charge-limited diode with high
positive anode behaves like a series voltage noise source with an equiva-
lent resistance equal to the d-¢ diode resistance and at approximately
3 the cathode temperature.! The spectrum depends on the frequency
through the factor H?, which behaves like 4/62 for very large values of 6.

where po is the a-c diode resistance. The quantity 3 (1 — I) = .644.

1 Compare E. Spenke, Wiss. Ver. Siemens, 18, 2, 19 (1937); A. J. Rack, Bell Syst,
Tech. J., 17, 592 (1938)* D, O. North, RCA Rev., 4, 44 (1940).
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Since ¢, = ¢,Y,, the diode noise can also be regarded as coming from a
shunt current source the spectral density of which is

Gi(f) = |Yo*Ge,(f).

Density and Velocity Modulation Admittances.—With ¢ ~ 0 and
wC = 6/2ps, Eq. (14) gives for the density-modulation admittance
(internal transadmittance) at the exit plane (the grid) the expression

L He ™’ ("+g)
12
Ym(d) =~ = TE (40)
Po L
1 — Ne™2
The magnitude and negative of the phase of piy.(d) are shown plotted
in Fig. 5-3 as functions of the transit angle. The magnitude of y.(d)

20 100
/ i
15 75
(=
-arg Po"m‘d) 2r ]
3 k]
a b=
E 10 50 &
g \ s
18,4 £
ug r
05 pd X 25
% x or r P
Transit angle &

Fi1a. 5-3.—Dependence on transit angle of magnitude and phase of internal trans-
admittance at the second plane of diode assuming negligible initial electron velocities and
complete space charge.
starts out at zero transit angle as 1/p, and oscillates about that value
with decreasing amplitude as 8 increases. It never deviates from 1/p,

_ile
by as much as 30 per cent. For small transit angles y(d) =~ ple 30
0
and for large transit angles y.(d) =~ pl e,
0

The velocity-modulation admittance at the exit plane is obtained
from Eq. (15), which gives

fnl@ = pl—— (a1)
1— Ne 2
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EL4

For small transit angles fn(d) = pl %e__f’ and for large transit angles
0

In(d) = ] c (2 )

Modulation Matriz.—The modulatlon matrix at the grid is found by
making the proper substitutions in Eq. (12), which then reduces to

je
0 46[1 — Ne 2 $ He—i —78
w@ = |0 MmN TRREEE @
0 —[I—N Z— ‘7—6—-He"f"] 1~ Ne 2

Since the first column of this matrix is approximately zero, the smoothing
of the beam as it leaves the space-charge-limited region with respect to
density fluctuations at the cathode is practically complete. For small
transit angles,

0 3 m

W@ = |, 32| o7, (43)
15

and for large transit angles

wa) ~ (5 1) e (44)

6-4. Grid-screen and Output Regions, Neglecting Velocity Spread.—
The spread in velocity of the electrons is almost always negligible in all
regions following the input if there are no reflected electrons in those
regions and if the grid and anode voltages are sufficiently high. Two
special conditions are of particular interest. If the d-c¢ voltage across
the gap is very high, space charge in the gap is negligible and the r-f
characteristics of the region are quite simple. On the other hand, if
space charge is important, a great simplification is obtained by studying
phenomena at large transit angles.

High-velocity Gap with High Gap-voltage.—If the d-c gap-voltage is
very high, v(d) > v(0), and space charge has a negligible effect on the
d-c fields. Under these conditions e/e = 1, 0 = 1, r = 2, § = 1, and
a(0) = a(d). The r-f characteristics become

L
Ys ~ 26,3V JGN 5

—i{n ! —i{ —» L4
”*“’“Gd%fﬂe (D), @ =6l me (), (45)

U

w1 joHe ("8,
w(d) ~ [(1) {)"] -
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The velocity modulations at the exit plane arising from both density and
velocity modulations at the entrance plane are practically zero.

Very Large Transit Angle.—If space charge is not negligible but the
transit angle is very large, the r-f characteristics become

Y = 0,
@) ~ = $ren, h@ =0,
pio= (0 —r)e, (46)
o j6
wd) = 1o % —-a |

Both the driving current and the velocity modulation at the exit plane
are almost entirely due to velocity modulation at injection. Since no
special restrictions have been imposed on ¢ and r, these relations are
readily shown to be consistent with those of the preceding paragraph and
also those of Sec. 5-3.

6-6. Positive-grid High-mu Triode with Minimum near Cathode.—
Both the input and output regions of a positive-grid high-mu triode with
large cathode emission can be treated by the single-velocity theory.
The formulas of Sec. 5-3 are used for the input and the general formulas
of Sec. 51, or under special conditions those of Sec. 5-4, are used for the

output.
The equation for the electronic transadmittance is

Yo = a lym(d)]kﬂ[ﬂii]uu + |2(d)fm ()11 [v‘zz) ]aa},

which is taken from Eqgs. (27). Since the first column is zero in both
the excitation and modulation matrices of the input region, density
fluctuations in the cathode emission drop out of both the noise figure and
the total grid noise current and only velocity and partition fluctuations
remain. Eq. (24) for the noise figure becomes

NF =1+ Gamd 7, (3 (1= 5) 5] - [ 25 ],
a, Hiv ?
+ ([[-Liv(d)]kv [I-’-ii]ﬂu + [U(d)ﬂ-vv (d)]kv [@]ua)‘

POYm
+ 2aﬂ(1 aﬂ) ———T —_)/2 I[#ﬁ]ﬂ“l }' (4;)
k |p0 "‘I

The total grid noise current due to cathode and partition fluctuations
takes the form
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7(0) (%) [[m.h. ({Y% + 1) ~ o ([mxd)]k,lm.-],..
+ (o@Dl [;‘(‘d—)]) [— 1L IL} — i [u.-, (:Y’i + 1)]

Using this expression, the total grid noise current is found to have

the spectral density
_ 4T AR Il €
oan =751 2 ] (52,

_ ( _ ["_‘z]kg‘ Yo + el @lialtidos + @l @bos @ | 575 ]

Y o

g) () ]

The noise figure, as given by Eq. (47), contains independent contribu-
tions from cathode fluctuations and partition fluctuations. The contri-
bution from cathode fluctuations has input and output terms, which are
not independent, however, since they have the common origin in velocity
fluctuations of the cathode emission, The same is true of the spectral
density of the total noise current. If the circuits are tuned, Gy, (f) is
roughly proportional to the square of the frequency, since for each circuit
-Y,/)Y 4+ 1= —juC/G.

Output Transit Angle and Electronic Transadmittance.—It is to be
observed that the d-c parameters of the output circuit are determined if
the ratio of the output to input gap spacings and the ratio of the output
to input transit times are specified, for a simple calculation shows that

-2, -o[8L. (5L
- 4] [5L (302

and therefore in addition 8§, o, and also v(0)/v(d) are determined. In
theory it is more convenient to vary the output transit time, rather than
some other quantity (such as the anode voltage, for example), since
otherwise a cubic equation (Eq. 3-45) has to be solved.

The general effect on the electronic transadmittance of an output
transit angle that differs from zero is the reduction of its magnitude and
the increase of the negative of its phase. These changes are illustrated
in Fig. 5-4, which shows the dependence of the magnitude and negative
phase on the input transit angle for a tube in which the output spacing
is three times the input spacing and the transit angles have the ratios

2

+ 2ea,(1 — a0
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indicated.! In the figure the transmission coefficient is given the value
unity. It is seen that the decrease in the magnitude of the electronic
transadmittance can be very large. An approximate formula, which
holds if the output region is a high-velocity gap with high d-¢ gap voltage,
is

. - !
Ym=a l ym(@]is + [v(@)fn( @) [v‘z—s)]‘m} [He i(r+3) loa  (49)

Since under these conditions the ratio of grid to anode velocity is small,
the term containing the velocity~modulation admittance is small except
for very large output transit angles. For the most part, the dependence

20 100
/ 3
%/0‘7 4 /
15 / 75
~argf( g Yo /
%
; o |
£ 10 ] 50 B
E w 18T 3
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0 Q
0 4 2x ar
Cathode-grid transit angle 8

Fia. §-4.—Dependence on cathode-grid transit angle of magnitude and phase of trans-
admittance of high-mu triode assuming negligible cathode velocities and complete cathode
space charge. Curves are for grid-plate spacing three times cathode-grid spacing and for
three values of ratio of output to input transit angles.

of the electronic transadmittance on the output characteristics is given by

. [
the factor [He _J(ﬁé)]m- The functions H and » are shown as functions
of 8in Fig. 3-8. It is significant that since the output noise current has
the same factor, this factor drops out in computing the noise figure.
Hence the noise figure is relatively insensitive to the output transit
angle as long as that angle is not extremely large. These effects are
independent of the nature of the input region.

High-velocity Output with Small Transit Angle—TIt is instructive to
consider a triode for which space charge and transit angle in the output
are both small. The output excitation matrix, then, is simply (1 0).
The electronic transadmittance reduces to a,|ym(d)l.; it is simply propor-

1The curves of Fig. 5.4 are based on calculations of J. R. Whinnery, General
Electric Data Folder Nos. 46210 and 46218 (1942).
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tional to the input internal transadmittance at the grid. Eqs. (47) and
(48) reduce to

2
NF = 1 + [Gszpolso 'T—T.; ‘ 3 (1 - E) g' - [f{;]’w + [p:;ft(g)]k,
420 = a) (eIopo) 1
Qg kT l[l’oyv_n(d)]lml2 (50)
GI,(f) =~ M 3 (1 Z); [Fh (:?Y" + 1) ]kg — @y [__“2 Ym(d)
+ m,(d)]k [ e+ 1” + Zeay(1 — a,,)Io[ ey IL -

If the input transit angle is small, these equations become

~

NF~14GoepoL{3(1-%)a|-2L 44
== anoTo i poY

2(1 = a,) (elopo
+ a, ( kT )|

4T Y., ] ) (51)
~Y, N Y
G"(f)“‘—3(1‘z)[ 7 +1qu a,[ o7
2 2
+1] [— . ]J + Zea (1 — a,)z.,[ “
kg Y 7
On the other hand, if the input transit angle is large,
NFz1+GBRPoT£{3<1—Z) 02-}————( _"[")<(M’)]J
; = kT (52)

Gu(f) = [4kT (1 - E) %3 62 + 2ea, (1 — a,,)Io} [—YY., ] Jz.

The noise figure for large input transit angle can be very large because
the term due to cathode fluctuations contains the factor 62. For example,
if Grpo and el opo/kT are of the order of magnitude of unity, which is not
unreasonable, and if the grid transmission coefficient is 0.8 and the tem-
perature ratio is 3.5,

NF = 1+ 3.5(%6% + §).

With a transit angle of 10 radians, the noise figure is about 100. It is
easily shown that the noise figure as given by Eqs. (52) holds for large
input transit angle irrespective of the output condition since the coeffi-
cients of the output drop out of the calculation.

5-6. Positive-grid Tetrode with Minimum near Cathode.—Just as
in a triode, the principal effect of a large output transit angle on the
electronic transadmittance of a tetrode is to reduce its magnitude and
increase the negative of its phase. If the output region is a high-velocity

. )
gap with high d-c gap voltage, the factor |[He ]("+2)],., appears in both
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the electronic transadmittance and the output noise current. This
factor drops out in computing the noise figure, leaving it relatively
insensitive to the output transit angle.

If both the grid-screen and the output regions are high-velocity gaps
with high gap voltages, the electronic transadmittance is given by the
formula

Yo = ey {[Um( @) + [v(d)fvn(d)]ka[ (d)] ] leﬂ.o]as[He—-i(ﬂ*-E)]u- (53)

Since the ratio of the grid to screen velocity is small under these condi-
tions, the term containing the velocity-modulation admittance is small
except for very large grid-screen transit angles. As expected, the grid-
screen region contributes a phase delay equal to its transit angle.

High-velocity Output with Small Transit Angle—In order to simplify
matters, both space charge and transit angle in the output are assumed
to be small in the remainder of this section. However no restrictions
are placed on the grid-screen region, except that there are no reflected
electrons. The output excitation matrix becomes (1 0). The elec-
tronic transadmittance, as obtained from Eq. (29), is given by

o = et {0nlD bl @l + @@l [ 22 I e

The cathode contributes only velocity fluctuations to the noise figure,
but both grid and screen contribute partition fluctuations. The formula
for the noise figure is

NF =1 + [Gsrocls % {3 (1 - E)% | [pl:‘;]k
g

+ a.;ta ([mu(d)]ku[m.-(d)]g, + [0(@) ptoo(D) g [%} ]w)

+ 2aten(l = ) (B2) L @l

_ elopo 1
+ 2,0, (1 a,) (W) m} (55)

The total grid noise current due to cathode and partition fluctuations
becomes

0 () ([ (G 4 ) |, + [ ], (i@t

+ @ d)lks [ﬁd)]) = ([mu(d)ha[m,.
+ D@l | 2] Y =t 500
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Similarly, the total screen noise current due to cathode and partition
fluctuations becomes

0 (52 (d)){ [“7] (clm(@biclr + @ gmt@le| 25]
~Va[ T+ 1] ) + a0 (ol + @@ 2] )

~ ety ([ @@l + WDy | 28D | N[ o 4] |
+i, { Lidan — e [ @)L [‘g ‘4 1]} — i [ =N 1] 67

Very Large Input and Grid-screen Transit Angles.—1% is of particular
interest to study the effect of space charge in the grid-screen region, for
the space charge can be used to reduce the noise figure of the tube. The
analysis is greatly simplified by assuming that both the input and the
grid-screen transit angles are very large, for then limiting forms can be
used for the modulation admittances and matrix elements.

If both the input and grid-screen transit angles are very large, Eq.
(54) for the electronic transadmittance becomes

Vom {4 ["@] [ 0] 0 + o] el 69

It is seen from this formula that the electronic transadmittance can be
made larger than a.a,/pe by making the product [v(d)/0):[8/v(d)]ee
greater than unity and by selecting a suitable value of the input transit
angle, for then the velocity modulation produced by the input voltage
gives rise to a large output excitation current because of the long drift
time in the separation region.

However, for a low noise figure, conditions leading to a greatly
enhanced electronic transadmittance are not the most favorable, as has
been observed by L. C. Peterson.! In fact by properly choosing [¢]s
contributions to the output noise current arising from density and
velocity modulations at the entrance plane of the grid-screen region can
be made to cancel each other. The result is that the principal contribu-
tion to the noise figure is eliminated and the noise figure is very sub-
stantially reduced.

When both input and grid-screen transit angles are very large, Eq.
{(55) for the noise figure reduces to

1L. C. Peterson, Bell Telephone Laboratories MM-42-130-91. Llewellyn and
Peterson use a space-charge factor ¢ which is (1 — ¢)v(d)/[v(0) + v(d)].
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NF =1 + [Gszpoli T% ‘3 (1 - Z) % 162,

| e[ [], |

o= 2L [sg o + o

I [o]oe
2(1 — a,) (elopo 5 .
+ ay k;') [”]vl - ["i"i—)' ["0— n+ e"'];,,

2(1 — a,) {elopo
+ a0y ( kT )

Examination of this expression shows that the contribution arising from
cathode fluctuations, which is usually the largest term because of the
factor |6%),, can be made zero by putting

o= 40, [ L. o

For this value of the grid-screen smoothing parameter,

1 2
v@d)] [ 6 ] o | (89)
l[a]“ B [T kg [;@Jﬂ'll + ¢ ]lm‘ ]

-

a0y

Yo = PR [re=%),,- (61)

Since this parameter is never greater than unity, the condition of Eq.
(60) gives a reduction of the electronic transadmittance from its low-
frequency value a.a,/pos, Which is accompanied by a decrease in the gain
of the tube. It is to be noted that the contribution to the noise figure
arising from grid partition fluctuations is zero if [s],, is zero but that the
contribution arising from screen fluctuations cannot be made zero. The
three contributions all vary inversely with the square of the magnitude
of the electronic transadmittance. There is an optimum condition, which
is not greatly different from Eq. (60), for which the noise figure is a
minimum. It is to be expected that such a condition exists under much
more general conditions than have been here assumed.

5-7. General Relations for Velocity Distribution Phenomena.—The
general properties of the beam are described in terms of the distribution
in velocity of the electrons of which it is composed. Such a description
can be made using a charge distribution function or a current distribution
function. The two are proportional, with the velocity as the factor of
proportionality. In this discussion the current distribution function
i(x,v,t) is used. Its definition is that ¢(z,v,{)dv is the current at the plane
z at time ¢ due to electrons having velocities in the range » to v + dv.
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If v}(x,t) is the lowest (or most negative) velocity at the plane  at time ¢,
the integrated current is

i(z,t) = /- dv i(z,0,t).

Hz.f)
Similarly, the charge density is
[ i(z,0,0)
P(x:t) - ,/:‘(z,t) d’) Al)

The current distribution function can be used to calculate current
averages in the beam. For example, if »*(z,t) = 0, the instantaneous
average velocity of the electrons passing through the plane z at time ¢ is

/ dv vi(x,v,t)

vzl

/ dv 1(z,p,t)
vi(z,e)

and the instantaneous mean square deviation from the instantaneous
average velocity is

f T dl® — o) i)
Adz)t) = 22D :

v(z,t) =

’

dv i(z,v,1)
vi(z,t)
Liouville’s Theorem.—If the electrons with the velocity » at the plane
z at time ¢ were injected at £ = 0 with velocity v’ at time ¢/, because of the
conservation of particles

i(zp,b)dv dt = 1(0,0',t")dv’ di’.
However in addition there is a relation between ¢(z,v,t) and 7(0,2',t') which

does not involve differentials. This is

ixo,t) _ 1(001)
= Y,

v v (62)

and is a form of Liouville’s theorem.

The proof of the theorem is obtained by considering the two-dimen-
sional phase space in which z is the abscissa and v is the ordinate. Each
electron is assigned a point in this space according to its position and
velocity. The point will move about in time. The area Az Av occupied
by the points for a cluster of neighboring electrons having about the same
velocity has the property that it does not change in time; for

d | 9 [dv é fdx .



124 THEORY OF H-F SPACE-CHARGE DEVICES [S8ec. 5-7

but g;—) = a(x,!) and E— = » are to be regarded as functions of z and v;

hence
d —
T (Ax Av) = 0.

This is one statement of Liouviile’s theorem. In terms of z,,t and 0,0t
vdtdv = v dt’ dv'.

Therefore Eq. (62) follows from the preceding equation for particle
conservation.

According to Liocuville’s theorem the density of electrons in phase
space does not change with time provided one keeps moving with the
electrons. Thus the total derivative of 7(x,f)/v is zero if taken along
with the electrons, This derivative is

[ + v +a(xt)~][i(i;}”—’9]=0.

The direct proof of this relation gives an alternative derivation of the
theorem.

Liouville’s theorem has an important bearing on the theory of space-
charge devices. The distribution function is used to calculate the
properties of the beam. The theorem gives this function at any plane
in terms of the function at the plane of injection once the motion of the
electrons is known.

Thermal Distribution of Velocities.—The electrons emitted by a
cathode have very nearly a Maxwell-Boltzmann velocity distribution.
If there is a positive electric field at the surface, electrons are prevented
from returning to the cathode. The distribution function at the cathode
is then zero for all negative velocities and is given by the expression
I me! e—%‘%
kT ’

1(0p) = —

for 0 £ v’. In this expression —I, is the total cathode emission current,
T is the absolute temperature of the cathode, and % is Boltzmann's
constant. This constant has the value 1.38 X 10-23 joule/degree; for a
temperature of 1160 degrees Kelvin, kT = {4 electron volt. I.is deter-
mined by the emissive properties of the cathode and by its temperature.
Since in the presence of an accelerating field the current is not changed
appreciably by changing the field but is changed by changing the tem-
perature, such a cathode is said to be temperature-limited.

The average velocity of emission and the mean square deviation from
the average are given by the formulas,
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/ dv’ v'1(0")
0

/ " v 100
0

o /0 '’ — 8(0)%4(0,v)
A(0) = .

/ " ' i(0)
[}

For a Maxwell-Boltzmann distribution, they have the values,

W) = Aol =0, a0) = 2T (1 - ’;')-

v(0) =

If the d-¢c potential measured from the cathode is V(x) at the plane
z, the velocity of the slowest electron, in the absence of an r-f field, is
v/2¢V(z)/m. The velocity of an electron emitted with velocity v’ is
given by

vz = [ 't + 26V(x)]

The semicolon is used to emphasize the fact that v’ is not the velocity
at z but rather the velocity at x = 0. The d-c distribution function is
easily obtained by using Liouville’s theorem. It is zero for all velocities
less than +/2¢V (z)/m; for velocities greater than this value,

- ["‘T”-—zV(z)]

v A 7y
i(z,p) = @(Ou) IkT

If the field at the cathode is negative and the d-c¢ potential has a
minimum a distance ¢ from the cathode, all electrons with energy insuffi-
cient to get them past the minimum are reflected. The distribution
function at the cathode is

my o=

2(0,") kT ~ule) £ v';
1(0,0") = 0, v < —u(e),

where u(c) is the speed of injection of an electron which has energy enough
to just reach the minimum

u(c) = , - 2emV(c).

The integrated current is

my's

i

w __mu(e)?
i0) = / d' i) = —Le T = —Levorr = —],

—ufc)
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The distribution function anywhere in the gap is again easily obtained
from charge conservation or from Liouville’s theorem. For example, at a
plane beyond the minimum (z > ¢),

- ﬂ2'—'—41"(2)]
i(zp) = —Ic%},e kT , v(z) £ v;
i(xw) =0, v < vi(z);
where
% %
v(e) = [u(c)= + —2"1’”(”‘)] - [- 2V ———2”7’1")] :

The integrated current is, of course, the same as ¢(0),

i(z) = —IeVOrAT = ],
In terms of I,,
- !'E'L'—¢V(z)+aV(c)]
: - L e : .
1(551”) = —Ioﬁe ) v(z) = v,

i(zp) =0, v < ¥{z).

The average velocity and mean square deviation are

v(x) = \/-TT:T— (-\/;; + et /\;’ dze"'),

A(z) 2T [1 +9 - (\/5 + e /\; dz e"’)z]

m
n

where 5 = e[V(x) — V(c)]/kT. At the minimum

kT 2kT
v(c) = 32]%[ = va, Ale) = . (1 - E)

In the limit  — «,

Ty _ [2eV(:t) _2eV(c>]” Az) — 0
m | m m ! @) = 0.

v(z) —

At the minimum the velocity spread, or root mean square deviation, is
of the same order of magnitude as the average velocity. On the other
hand, in the limit y — « the velocity spread becomes a negligible fraction
of the average velocity.

Series Formulation.—It is seen in Chapter 3 that the resuits of the
Llewellyn theory are given directly in terms of the series formulation
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Vo= —I1.Z, + ¢,
() = —lL.a(x) + (),

(63)
@) = 1 ("% @) + o).
The theory of velocity-distribution phenomena also leads directly to
the series formulation. The three quantities, e,, 2,(z), and v,{(z) can be
written in terms of modulations in the distribution function at injection.
If the lower limit at injection is negative or zero, the expressions have the
form

& = ﬁ " v 5050,
i(z) = ﬁ " (00" alz "), (64)
oi@) = 22 [ " a i 089,

where z,(v") is the ezcitation impedance for injected electrons in the
velocity range v’ to v’ + dv’, and afz;v’) and B(z;v") are the corresponding
series density and velocity modulation functions. From Eq. (3-11)
it follows that

z,(v") = LR /d dx a(zyp’) (65)
e JjoCd Jo '

The shunt excitation and modulation functions of Eqs. (5) are related
to the series functions as follows:
m(") = 2,()Y,,
mi(z0") = 2,0 Jym(z) + a(zV), (66)
po(z0") = 2,(v")fm(z) + Blav').
Integral Equation for the R-f Field—The determining relation which

is encountered in the small-signal approximation is an integral equation
of the form

d
a(z) = by(x) + /(; dta. (DK (S,x),

where a,(z) is the Fourier integral transform of the acceleration a(z,?).
The quantity b,(x) is a known combination of d-¢ and r-f quantities. The
kernel K(¢,z) is calculated from the d-c charaeteristics of the gap, namely
the d-¢ distribution function of the injected current and certain phase
factors containing d-c transit times.

The solution of this equation is given by Fredholm’s theory! in terms
of a resolving kernel L(z,y) which is itself a solution of the integral equation

1 E. T. Whittaker and G. N. Watson, Modern Analysis, Chap. 11.
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a
Lizy) = Kg) + /0 SL(= K ).

This equation is free of r-f amplitudes but contains the frequency in the
phase factors of the kernel. It has been found possible to find the
resolving kernel in closed form in only a few relatively simple limiting
cases, such as the limit of low frequencies or negligible velocity spread.
However the theory gives formal expression to the fundamental con-
cepts of the r-f behavior of a gap containing space charge and is a starting
point for detailed calculations of the characteristics of the region.
The solution in terms of the resolving kernel is

d
aw(x) = bw(x) + / dg‘bw(f)L({,z).
1]

The function b,(z) is linear in the amplitudes J, and 7,(0"), which
are the Fourier integral transforms of J(¢) and j(0,v',t'), respectively.
By using this equation, the r-f characteristics are obtained explicitly
in terms of the resolving kernel.

6-8. Low-velocity Gap without Reflections.—The discussion of
velocity-distribution phenomena in a uniform region is greatly simplified
if all the electrons traverse the gap in the same direction without reflec-
tions. Since there are no electrons with negative velocities in the gap,
the lower limit v!(z,?) is everywhere positive at all times.

It is shown in this section that the resolving kernel for such a region
is determined by the equation

y
L(z,y) = K(z,y) + / diL(z, 1) K(¢,y).
This is a Fredholm integral equation with variable upper and lower limits.

The kernel is

a )
Kew = [ i) 2, cvivir-riam (67)

where j(0,0') = ei(0,v')/mAe, and T(yyp’) is the time required for an
electron to go from the injection plane to the plane y in the absence of the
r-f field.

In the limit of zero frequency, the kernel is shown to be

e = [ 4y 750

where a({) is the acceleration experienced by the electron at the plane ¢
in the absence of the r-f field. The resolving kernel is found to be

Lew) = = 5o | atwaw) [ x|
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If all the electrons at any moment are injected with the same velocity
(Llewellyn approximation), the kernel is

~Jo @
Jov(0) 8v(0)

e—tlT g0 (0))—~1(z;0(0) )],

K(zy) =

and the corresponding resolving kernel is found to be

L) = 5t 1 TW(0) = T(p(O)emtziman=rimon

D-c Conditions.—The acceleration in the absence of the r-f field is
calculated from the equation

o) [ g [ g 202)

dr s v Iy v(z ;v’)’

where

e =S80, e = |ve 42 [Cara |

o [T dr
Tew) = [] o(t3")

the equation for the acceleration can be integrated directly,

©

a(zr) — a(0) = — / dv’5(0,0) T (z;v').

vi(0)
However, another and more useful expression is obtained by multiplying
by a(zx) before integrating, thus obtaining

a(z)? — a(0)? = —2[ dv'j( 0\ w(zw') — V']
LX)
The introduction of the d-¢ potential
V@) == f da(s)
0

as the independent variable makes it possible to solve this equation by
separation of variables. The function a(x) becomes a function of V
alone:

a(z) = [a(O)“ ~2 f ° &' §(0.0") [(vw + Efnl’y - ,,]}”

(0,

e (Y9 av
SETA S (68)

This is a form that lends itself to numerical integration.

Hence
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The a-c resistance of such a region, of which a temperature-limited
diode is an example, is infinite, since a small change in the d-c voltage
produces no change in the current. If, however, the field at the injection
plane is zero and is kept zero during the change, a change in current is
required to satisfy the conditions. On putting z = d in the last equa-
tion and differentiating with respect to I, there is found for the a-¢
resistance under such conditions

A40)) ma(d)
P =41,

ln a(z).

Usually j(0,v') is simply proportional to I, and - a I In alz) = % Then
0

a(d)d
2J oA Eo

This expression is readily checked for Childs’ law, since

V) = mJ o’:§6d)”

and

a(d) = JoH(6d)%.
Hence by differentiation or by substitution in the above,

_(6a)%
p= 12-.’0“‘460

Derivation of Integral Equation.—Because of the presence of noise,
which has a continuous spectrum, it 18 convenient to represent all time-
dependent quantities with Fourier integrals. To this end, there is
introduced a time interval much longer than all periods under considera-
tion and all time-dependent functions are put equal to their average values
outside of this interval. It is then possible to carry out the Fourier
analysis without difficulty in terms of Fourier integrals in the usual way.
For example,

i) =i + [ i
where j(z) is the average value of j(x,!) and 4,(%) is its Fourier transform,
Ju(x) = / dij(z,t)e ¥, (69)

and it is understood that the integration is actually limited to the time
interval mentioned.
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When written in terma of Fourier transforms, Eq. (18) takes the form
Juwaa(z) = —Ju + Ju(z). (70)

The procedure in the development of a general consistent theory is to
find an expression for j,(z) in terms of a,(z). The transform of the time
T'(x,t;v") required for an electron which is injected with velocity v to reach
the plane z at time ¢ appears at an intermediate step but is eliminated by a
direct calculation from the field.

On introducing the velocity distribution into Eq. (69),

Ju(x) = / dt / dvj(z,v,t)e7t,
— vi(z,t)

If an electron at the plane z with velocity » at time ¢ was injected at
z = 0 with velocity ' at time ¢, then by particle conservation

Jlxw,)dy dt = §(0,0',¢)dv’ dt’.
Hence it follows that
Ju(z) = / dtfeiet / d'§(0," 1) emioTie ),
- 24(0,£9)
In this equation Fourier integral expressions are substituted for the three

time-dependent quantities, 7(0,v',t"), #*(0,t'), T(z,t"), and only terms
linear in the amplitudes are retained. The result is

un=f 30,0/ )e T — oL(0)j(0,04(0)) e taico)
2(0)

—/‘ dv'j0)juT (zp'). (71)
o1(0)

In the single-velocity theory the corresponding expression is Eq. 3-18.
The next step is to use

z L -1
T(ztw') = A dn [v” +2 ﬁ d;‘"a(;"’,t”)]

to find an equation for T,(z;»’). Now
®d _—
a@ ) = at") + [ 2 aren,

n ¥
v(np') = [v”’+ 2 j; dra(s‘)] .

These expressions are substituted ip T(x,;'), the denominator is
expanded, and quadratic and higher terms are dropped:

R !y — ‘_di"'wt'/z 1 /" jur (fi0)
T(I";v ) T(x!v ) -/:- - 21_ e ° dﬂ v(n;v’)‘ ° dg-au(g-)e’ T .
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Hence, after rearrangement,

d
v’ 3y’

To(ep') = ﬁ dfau (§)eilra =1l o [T(ap') — T(s)). (72)

The desired integral equation is obtained by using Eq. (70) with
Eq. (71) for j,(z) into which Eq. (72) has been substituted. The result
is an integral equation with a variable upper limit,

a,(x) = b,(x) + j;z dfa. () K(¢,x), (73)

where b,(z) is defined by

jubu(a) = —Ju + / 0 ) — L(0)j(0,H(0)eer o,
24(0)
(74)

and the kernel is given by Eq. 67.
Density Modulation.—By Fredholm’s theory, Eq. (73) has the solution

0u() = @) + A T b OLG), (75)

where L({,z) is the resolving kernel. The resolving kernel is, in turn, the
solution of

L(z,y) = K(zy) + fz ’ d¢L{x, ) K (), (76)

which is the fundamental integral equation of the uniform low-velocity
gap without reflections. The r-f characteristics can be written explicitly
in terms of the resolving kernel.

In order to find the density modulation, Eq. (75) is substituted in
Eq. (70). The result is found in the series form,

’I«,,(IC) = — ‘.,a(x) + 1:,(1),

with
a(z) = ﬁ dtL($,z)
- (v
t(x) = /( ) dv'i, (0,0 )a(z ') — vL(0)i(0,4(0)a(z 2} (0)),
2¥(0;
where in the latter expression
ala!) = eiorie) 4 f dreor 6L (T ), (78)
)

which is the series density-modulation function.
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Gap Voltage.—The elements of the series formula for the gap voltage,
= _IuZy + €3y
are calculated from the integrals of Eq. (3:11). The results are

11 [¢ ¢
Z, =_C_/ :c[l+/ d;L(x,r)],

(79)
e = / o dv'1,(0,0")2,(v) — v4(0)3(0,°(0))z,(+*(0)),
ot
with the excitation impeda.nce given by
(,)_il d —jorizen | 1 4 ddL( ) 80
Zg\V ij d xTe . $L(z,{) | ( )

It is interesting to note that, since the transit angle tends towards zero
with increasing electron velocity, as v’ — «,

a@p) =1+ a@@), 2,0)—>Z,.

Therefore from Eq. (66) it is seen that the excitation function u(v’)
and the density-modulation function p:(z;»’) both have the limiting
value unity for very high velocities of injection. This is as expected
since very fast electrons are practically unaffected by the field.

Velocity Modulation.—It follows from the definition of the instan-
taneous average velocity at the exit plane »(d,t), that the velocity
modulation at the exit plane is given by the relation,

v(d) v — v(d)].
R [/ @ dv[ v(d) Jl“'(d’v)
- @) | 220D v, o0

In order to convert this into the series form

2o(d) = (”(d)) 8(d) + v.(d),

where, as it turns out,

0(d) = ”‘d){ / iy (0.0)B(d ") —vL(O)i(O,v’(O))B(d;vl(O))] (82)

the two quantities, 7,(d,v) and ¢%(d), must be expressed in terms of I,
1,(0,v"), and v,(0).

The first step is to find formulas involving a.(z). From Liouville’s
theorem,

iw(‘j;v) - iw(g;vl) e—iuT(d;v’) ; av (1 (?)})’)) / dilla (17)6_7"'[1'(‘1 ) —1(z vr)] (83)




134 THEORY OF H-F SPACE-CHARGE DEVICES [Sec. 58

From the energy integral,
d
(AL (d) = vH(0)eh (0)e—iwT@mi) | / dza, (z)elr@m ON—riohon],  (84)
0
Eq. (75) is used to eliminate a.(z). There enters the quantity,
d
a(v’,v”) = %/ dxa(x;v’)e"i“[!’(d:v”)—f(zw")]. (85)
0

The substitution of the results in Eq. (81) leads to the expected form with
_da (" ., vdy) — v(d)] J0,p'") o
6(d) = ]Tu o0 dv [T Erg P a(°° i )
() — v(d)];«)v (0) ,
aw[ @ | v O

, - (86)
o = | v@R) —e@d | .. d o | v(dv’) — v(d)
o <[] e L[ o1

§o)
8 (j00") gt v(d) — v(d) |J(00) ., ,
%7 ( e ) a(@’ v'’) ~ Jo [ (@) J 20) a(@' v (0)),

where v(d) is the d-c average velocity at the exit plane and »(dyp'’) is
the velocity at the exit plane of an electron injected with the velocity
v/, computed in the absence of the r-f field.

Low-frequency Approximation.—A power series expansion in w can
be expected to converge rapidly at low frequencies. The first terms are
readily calculated. Such an expansion gives for the kernel

_ ,J(Ov) 8
K(=y) = ,/'(0) v [ /; v(n,v)

jo o 1 _ ...
5[] -] e

v 1 d%f(n)
/; Mo

as is seen by referring to the d-¢ conditions. The corresponding term
in the resolving kernel is

T &% ay[ (z)a (”)/ aw]

as a direct substitution in the integral equation shows. The second term
in the resolving kernel is

2 oz ay( a(=)a(¥) _/ ,]«:)v) ; “:/: dn 0151(11;1)};)]2
([ i)

The first term is
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This term is obtained by deriving from the integral equation an equation
containing only terms proportional to jwo. This is an integral equation
the kernel of which is the first term of K(z,y).

The resolving kernel is, therefore,

= ., 300 8
L(a:,y) = a ay [a(:c)a(y) (f a(,”)y - '§' ,/;'(0) dv v aT)/

|[/:d"v¢(lz$’)] [/ n oo ]})]+ e 68

By using this expression it is found that

a@) = —1+2 [a(O)a(x) ( [ s f " a2
: [ )]+
‘[/ & a(")z] o Mty ]+ Y ©9)
zZ, = La(o)a(d) ( /’ / " 30 @
JjuC ‘1("1)2 2 ¥(0) v

T [

and in addition

a(zp’) — alz) —-1

~jo 2 fa@ [ g =} + -} o0

d
) = 2= = 20 @io [an oo - vy +
Similar expressions can be derived for 8(d) and g(d;’).

Llewellyn Approzimation.—In the Llewellyn approximation all elec-
trons at a given plane at a given moment are assumed to have the same
velocity. Thus

i(x,v,t) = i(x,t)&(v - !)(I,t)),
where &(v) is the Dirac delta function. This problem is discussed in
Chap. 3 by using the Llewellyn equation, which is based on the fact that
current and charge density are proportional in this approximation. Such
a treatment has no simple extension to multistream phenomena. For
this reason it is of interest to see how the Llewellyn electronic equations
are derived from the more general theory of this chapter.

In the small-signal approximation

i(z,r) = i(x)s(v — v(x)) = —Id(v — v(x)),
tu(zw) = 1u(z)0(v — v(2)) + ITowa(x) (v — v(x)), }

where &'(v) is the derivative of the Dirac delta function.

(1)
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The kernel becomes
_Jo &
Fav(0) 9v(0)

In order to find the resolving kernel, the following two functions are
introduced:

K(x,y) = g—falT(y2 () —T(z;2(0))] (92)

k(z,y) = K(x,y)emlrwm)—ron]
l(x,y) = L(z,y)giw[r(u;v(o))—T(:;v(o))]_

The integral equation becomes
¥
Uz,y) = k(zy) + L al(z, k(Y
with
% J / "y
&y = —Jo ; ﬂms'

The integral equation can be converted into the differential equation
, . 0 a
o(z) 5 <v(x) P {v(w‘)[l(x,y) - k(I,y)]D = —Jok(z,y),
which is to be solved with the conditions

vy = k(yy) =0, {a% zy) — k(z,y)]] =0.

The solution is
—Jo / |
Wzy) = —— dy ——
@9 = v Jo Moty
and hence the resolving kernel is

Lisy) = [2w3(0) =T (O))e-iruror—raronl.  (93)

(x)v(y)

With the distribution funection as defined by Eq. (91), the series
formulation as given by Egs. (63) and (64) becomes

Vi = —1.Zy + ia(0)2s(0(0)) — Ioe(0) <"za"f)” )) ¥
L(d) = —I,a(d) + ,(0)a(d;p0)) — Iw,(0) < - ald 1)’)) ( );
(0 (94)
v(d) = —1. <”(d)> 8(@) + 2@ [ L (0)B(d;0(0))

—IoL~(0)< , B(d v’)) )J'
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The nine coefficients are known functions of the resolving kernel, which
is also known. They can be calculated in detail.! The results are
identical with those of the Llewellyn calculation.

Narrow Velocity Spread.—The integral equation treatment of the
electronic behavior of a uniform gap makes possible a formal extension
of the Llewellyn theory to include a narrow spread in the velocity of
the electrons of the beam. Since no convenient representation of the
resolving kernel has been found, only a brief indication of the method
will be presented.

The distribution function can be used to calculate the current and a
set of moments, the first two of which are the average velocity and the
mean square deviation. Thus

i(z,1) =/dvi(:v,v,t),
iz, o(x,t) = /dvvi(:v,v,t),
i(x,t) Alz,f) = f dvfv? — v(z,t)Yi(z,0,t),

and so forth, If the velocity spread is small, it is possible to show that
for the purpose of calculating average values the distribution function
can be represented as follows:

i(zo,t) = W(x,){8@ — v(xt)) + FA@) (0 —~ v(z,t)) + - - - 1. (95)
Using this expression, it is found that
i(z) = —Io{d(v — v(z)) + FA@)&'(v —v(z)) + - - - },
e = W@ (3 ~ o) + BADIC 0@ + (o

+ (@& ~ v(z)) + wA(:c)é”’(v - v(:c)) + )
— MA@ Lo{8" (0 — o) + + - -} A4 -

where

—Iw(x) = /dvmﬁ(z,v),
—IA(z) = [dv[v“’ — v(z)e(z,w).

The electronic equations take the form of relations giving V,, t.(d),
vo(d), A.(d), etc., as linear functions of I,, ,(0), v.(0), A,(0), etc., the
coefficients of which contain I, and the d-¢ moments. The Llewellyn
theory gives an exact solution under the assumption that the second
and all higher moments are zero.

i See “Temperature-limited Diode,” J. K. Knipp, RL Report No. 761, 1946.
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The kernel is
where
KL(I,y) = —Jo 9 el Tv (M) —T1iz;v(0)]

= jav(0) av(0)

is the kernel for the Llewellyn approximation.

6-9. Retarding Field with Reflections.—The presence of electrons
with negative velocities is a complication which is difficult to handle.
Since the theory in its present state leads to very few results, only a brief
discussion will be presented. For reflection of electrons to take place
the field must be positive. It can either be positive all the way across the
gap or start out positive at the first plane and end up negative at the
second plape. In the latter case the potential has a minimum within
the region. This minimum is itself a complication. It has been treated
successfully at low frequencies and affords an explanation of the space-
charge reduction of shot noise. The discussion of this section is restricted
to conditions in which the field is positive everywhere in the region.
The d-c voltage of the second plane is negative with respect to the first.
Electrons which are injected with high energies are able to overcome
the retarding field and reach the second plane. However, the low-energy
electrons are stopped in the region and sent back to the first plane. If
these reflected electrons spend an appreciable fraction of a cycle in
the region, they affect the r-f behavior of the region in many ways. They
load the circuit through a contribution to the beam loading; they excite
the gap voltage through a contribution to the exciting current; and
through their own modulations they affect the modulations of the
electrons that reach the second plane.

Space-constant Field.—A relatively simple and very instructive
example of reflection phenomena is afforded by a region in which the
reflecting d-c field is very strong and the current densities are small.
Space-charge is negligible and the electric field can be treated as space-
constant. It is represented by

E@t) = ——F = - — (a + a.et),

where a is a negative quantity. The r-f voltage is V,, = ma,d/e.

Since, under these assumptions, the electrons affect each other only
indirectly, only a single velocity group need be considered. The effect
of a distribution in velocity is the average over the velocity groups of
the effects of the separate groups.
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In the region penetrated by the electrons, the electron current is
the sum of contributions from the oncoming and reflected streams,

i(z,t) = 1+ (z,t) + i (x,0).

If an electron at the plane z at time ¢ with a positive velocity was injected
at £ = 0 at time t’, the time of passage is ¢ — t’ = T'(z,f). Similarly,
if an electron at the plane z at time ¢ with negative velocity was injected
at z = 0 at time ¢/, the time of passage ist — ¢/ = T—(z,t). They are
represented by
T(z,t) = T' 4+ T.(x)e™,
T-(xt) =T — T + Ta(x)e

where T is the total time spent in the region and 7’ is the time required

to go from the first plane to the plane x without reflection, both in the
absence of the r-f field. By particle conservation,

@) =it 0N %, i) =~ L,

and therefore
L(z) = H(0)e™ — 7] + IjjwTu(z) — juTz(z)]. (98)

This expression is to be compared to Eq. (3-18) of the single-velocity
theory.

The quantities T.(z) and T'5(z) are readily found by direct integration
of Newton’s law. If v(z) is the speed of the electrons at the plane =z,
in the absence of the r-f field (v(x) is always positive), the result is

— vw(o) ’ - . _- _aal
Ta(z) = v(z) T'e~ D(Z)(Jw)z [1 Jo e ]y
To(z) = "f(g) (T — T")e=it-® (99)
v — omil—=8) _ —_ —i(0—
* s @G 1—e> je—6)e l.
The quantity of interest is the driving current,
1 T/2
1, = —/ dT"v(z)1,(x).
dJjo

The integration is carried out using »(z) = v(0) + a7’ and the result
expressed in the familiar form,

o = —VQYB + im;
The expression which is found for the beam-loading admittance is

¥, = % (v(O)T) JoN . -2

3 3 (100)

?
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where Go = Io/V,s. The dependence of its real and imaginary parts
on 6 are shown plotted in Fig. 3-4. The expression for the exciting
current is

i = 50 (%) () 0 () (99 %
(

_BNY F
) ot

(101)

Because of cancellation, the exciting current is zero for zero §. Except

-0
for a term ¢*(0)Me 2 which is not present in Eq. (101), the above expres-
sions for Yy and 4, are very similar to those for the high-velocity gap
(see Eq. 3.37).

D-¢ Conditions.—The acceleration in the absence of the r-f field is
calculated from the equation

da(z) _ _ / " i@
*¥(x)

dzx v

v@ = [ -2 ’ dm(r)]”,

since the velocity distribution contains reflected electrons. All the
electrons in the region are injected at the first plane and therefore the
ahove integral can be expressed in terms of j(0,'),

da(z) f“(‘” , 30 f 50
aalz) _ _g d
&z o V@) T Juw @ vy

where

where

z ¥
vizp') = [v’i + 2/; d{a(g')] ’

u(z) = [—2 ﬁ i dra(n]yz-

Direct integration gives

u(z) u(d)
al@) — a(0) = —2 ﬁ 'O T( ) — 2 / 0T ()
u(z)

- / dv'j(0)T(zv'),
u(d)

where 7’ is the plane of reflection of an electron injected with velocity

v’. On the other hand, integration after multiplying by a(x) gives
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u(d)
dv'j0v' ' — 4/ dv’j(0,0)[v(z;p") — v']
(z)

u(r,

u(z)

a(z)? — a(0)? = 4 ./o

-2 / av’j (00 ) w(z;p) — v').
u(d)
The introduction of a(d) yields the simpler relation,

u(d) o
a(z)? — a(d)? = —4 /() av'j( 0, Yo(zp’) — 2 /(d) av’j(0,0")[v(x;")
— v(d;)].

By introducing the d-¢ potential, a form is obtained which is useful in
numerical integration.
The d-c voltage at the second plane is

_ mu(d)’_
Vi) = 2¢

The a-c resistance is p = dV(d)/dI,; but

Iy = — / dv'1(0,v");
u(d)
hence
1 —ei(O,u(d)).

P mu(d) (102)

For a Maxwell-Boltzmann distribution, this expression yields the familiar

PIo = -’—ce—T"-

At 1160° K, kT /e is 75 volt.
Integral Equation.—The Fourier transform of j(z,t) is

Ju(z) = / dt / dj(0,0,8)e—ut
— o ,I(‘.o

It can be written in terms of j(0, v/, {'):

w u@dy) ..

Ju(z) = / at’ { - /( ) dv'j (0,0t )e i + /( / av'j0u’ " )eiut ¢,
— = u(z;t’ u(x;t’

where u(z;t’) is the speed of injection of an electron which is injected at

U’ and reaches z with zero velocity.

The two time intervals T'(z,t;v’) and T—(z,tpp’) are introduced; they
are the times required for an electron injected with velocity »* to reach z
at time ¢ directly and by reflection, respectively. In terms of these
quantities,
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© w(d;t’)

J,.,(x) = / dt'e—ivt [/ dv’j(O,v’,t’)[e“""‘T"’v"‘"’ — e—iuT'(z‘.‘i"')]
— u(z;t’)

+ f dv’j(O,v’,t’)e—"'-'m-‘;"’)}-

(d;t")

On introducing Fourier integral expressions for all time-dependent
quantities and keeping only terms linear in the amplitudes, there results

u(d)
jula) = f d'ju0') [eierten — o]
u(x)
LJ u(d)
+ / av'j, (0,0 )e—eT =) — / dv’j(0,0) [joTo(zv")
u(d) u(z)
— juTs(z)) — f @ v'j(0,p)juT(zv')
— uu(d)j(0,u(d))e—or @@, (103)
A simple calculation yields [compare with Eq. (84)]

d
uu(d) = — E(%) /0 dta,(¢)ereTCm@, (104)

Eq. 72 is valid for T.(z;»'), which is written in the form

* i) )
W) = — — = eg—iw[TEv)~T ()] 05
To(zp') = /; d;'a,.,(g')j v'ﬂv’e it T . (105)

The derivation of an expression for T5(z;v’) follows along similar lines
but is somewhat more tedious since care must be exercised to avoid
integrals which diverge at the point of reflection. It is found that

To(xy') = — /0 dia.(f) .m%yef”[“’;”"—”ﬁ"’ﬂ

" F . .
—_ [ —jw[ T (z;9) =T ($;v)] — [T (20 )—T($59")]
[) Kou§) o le e L. (106)

It is of interest to note that if a({) and a.(¢) are constants, these expres-
sions give the Eqgs. (99) with v}(0) = 0, as direct integrations show.

The integral equation for a,(z) is obtained by using Eq. (70) with Eq.
(103) for j.(z) into which Eqs. (104), (105), and (106) have been sub-
stituted. The result is

Cw

a,(z) = by(z) — a0

el
i@ ﬁ da,OK(Ez),  (107)

where b,(z) is defined by
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u(d) .

jubu(@) = —Ju + f @' (0) [g=oTes?) — i ]
u(x)

+ / @ dv'3.(0,0")eeT=") (108)
u(d)
and ¢, is the constant

d
Cp = é/ dg-aa(g-)eiurmwd)), (109)
1]
and the kernel is defined as follows:
K(tz) =F(tr) +GQ¢2), <a, (110)
K(t,z) = F(z,}), T <{;
u(d
p(g-’x) = [ @ '-7(0 v ) 68’ [e—mlr(z =T $W)] - g—iu[TT(zi0) =D (L v’)]‘l
ww - Jev o (111)

G(tz) = / 'J(Ov) 9 idlrtaw—r i),
u(d) Ov

]wv
Density Modulation.—The solution of Eq. (107) is

Co_ | gmior-Gauca))
Cp

d
a,,(a;) = bu(x) + ./(; dﬂ'bu(i')L(fyI) -
+ /;d dfe—ier= () L(g',z)],

where ¢, is a constant that remains to be evaluated. After substituting
from Eq. (108), the solution can be written in the form,

Juwas(z) = =JJ1 + ¢(@)] + /0 ) 2v’ja(0,0) ¢ (z30") — é—'; $~(z), (112)

where

d d
¢(I) = /(; d;—L(g-,x), ¢—(x) = g T (zu(d)) + j; d;-e—iur({;u(d))L(g-’x)’
[) difeior® — gier|L(Ea), 0 < < u(a),

[eiorEw) — gmivr=izv)] /r dt[efuTdieY — eleT" G NL(L,x),
o
u(z) < v < u(d),
d
g-ieT@EY) f dfe T (¢ x), u(d) <v'.
0

d(zy') =

The constant ¢, is found by using Eq. (112) in Eq. (109). The result
is
—Jux + j; dv'ju(0,v")x (v"),

Co JuCp + x~ (113)
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where
1 d
X = E / d:c[l + ¢(z)]eiur(z;u(d))’
i}
1 d
x(') = _/ dzg(zp)eiwrEn@)
dJo
1 d
X =5 / d1;¢—(x)eiw1‘(z;u(d)).
dJo
Hence

. _ ¢ (m)x
jwa,(x) = — J, [1 + ¢(x) 7aCr + x- x_]
0 oy 9T @x)
f /; dv’je(0,0") {¢(1¢,1}) - jwCp X_)' (114)

Eq. (70) gives the density modulation, which is written in the series
form

to(z) = —La(z) + i.(z),
with

Gu(z) = ﬁ T i (0 alz ).

The coefficients are

ae) = ¢(a) ~ S, (115)
W = (e — @)X
a(xyv) = ¢(I,D) ijp ¥ x

In the limit of zero transit angles, ¢—(z) becomes 1 + ¢(z), x~
becomes x, and it is found that
1 4 a(x) —)‘%g ———1. t’ ¢(I1)
Jol + =
X °
For the gap admittance is found
Y, — 1 + J_‘ﬁ,
P X
which is just the sum of the a-¢ conductance and the susceptance due to
a capacity modified by the presence of space charge. In addition
1 jwC
ynld) > = — = 4(d.

P X

As expected, the internal transadmittance at the exit plane becomes the
sum of the a-c conductance and a low-frequency space-charge contribu-
tion. In the limit of zero transit angles, ¢(z,v") and z(v') both become
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zero for velocities of injection too small to reach the second plane,
v < u(d); while for v > u(d), ¢(xp') becomes 14 ¢(z) and x(')
becomes x. Thus it follows that both a(xjp’) and z,(v') are zero for
v < u(d); and for v > u(d)

a(zp’) — 1 + a(z), zv(vl) g Zw
and both the excitation function u:(v') and the density-modulation func-
tion w(d;’) become unity.



CHAPTER 6
SPACE-CHARGE DEVICES AS MICROWAVE AMPLIFIERS

By J. B. H. KurEr

6-1. Introduction.—The importance of microwave amplifiers has been
discussed in Chap. 2, where it was pointed out that the commercially
available triodes, the “lighthouse” family, are not satisfactory amplifiers
when operated much above 1000 Mc/sec. The best experimental
triodes and tetrodes perform well at 3000 Mc/sec, but at still higher
frequencies the amplifier field will probably be left to the klystrons and
other ““high-velocity”’ types such as the traveling-wave tube.

In this chapter an attempt is made to justify the above conclusions
on the basis of the rather meager experimental data at hand. Unfortu-
nately it is not possible to correlate the experiments with the theory
developed in the preceding three chapters, except in a most general
fashion. This difficulty results from the fact that real tubes depart
widely from the ideal geometry and simple conditions postulated in the
theoretical treatment. Also in most experimental amplifiers a negative
grid is used while most cases considered in Chap. 5 used a positive grid.
Under wartime conditions the rather disappointing experimental results
precluded the expenditure of time needed for a check of the theory.

The experiments can be discussed in elementary terms with the intro-
duction of an ‘“‘effective transconductance,” which is the magnitude of
the complex transadmittance multiplied by the beam coupling coefficient
of the input gap. This simplification is permissible only because micro-
wave amplifiers are usually operated in class A (indeed it is somewhat
doubtful if class C operation has been attained above 3000 Mc/sec) and
the phase shift resulting from transit time in the amplifier tube is rarely
measured.

6-2. Elementary Discussion of Grid-separation Amplifiers.—A tube
intended for microwave use must possess either an integral cavity
resonator or a structure to which a cavity may readily be attached; any
other circuit would be impractically small or would have excessive radia-
tion losses. When this need is understood, it is a matter of topology
that the grounded-grid circuit—sometimes called the ‘‘grid-separation”
circuit—is the natural one to use. Fortunately, a circuit of this type is
usually stable without neutralization. The designation grid-separa-
tion” seems more appropriate than the more usual term *“grounded-

146
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grid”’; the grid actually separates the input and output circuits physically,
and it is meaningless to speak of ‘‘grounding” one part of a cavity
resopnator. .

For a planar triode the input resonator would be a coaxial line whose
outer conductor would make contact with the grid and whose inner
conductor would end at the cathode. Such a line would normally
have an adjustable short-circuiting plunger, set to give the line an
electrical length of 1, 3, 5, ... quarter-wavelengths. The output
circuit would be a similar coaxial line between the grid and plate. Each
cavity would have suitable coupling loops or probes and provisions
for applying the necessary d-c voltages.

Gain of a Low-level Grid-separation Amplifier—When such an amplifier
has its input and cutput circuits tuned to resonance, so that they appear
as pure resistances, and when the input circuit is matched to the generator
impedance the equivalent circuit is as
shown in Fig. 6-1. The tube is drawn as
a tetrode merely to emphasize the separa-
tion of input and output circuits, here
assumed to be completely isolated except
for the unidirectional electron stream. In
a low-level amplifier the r-f voltages devel- Fa. 6-1.—E¢'1u.iva.lent circuit of
oped across the input a,nd' output gaps are :Onf;‘}‘:;"eepi:; avion ‘;‘:‘t*i‘e‘i‘: i;’;ﬁ’;
always small compared with the d-c beam  and output circuits except for
voltage. The input line is assumed to be the unidirectional electron stream.

irect-current connections omitted.
matched so that any power sent down the
line is dissipated in the input losses R.. These losses may be defined by
noting that, if the r-f power P; is applied to the line, an rms voltage V'
is developed between cathode and grid where

Vi = PR 1)

This voltage produces an r-f current ¢ passing through the first grid
having a value
it = lgm| V3, 2)
where |gm| is the absolute value of the transadmittance of the electron
stream or the ‘‘effective transconductance.” This value may, under
the proper circumstances, be only a little less than that of the familiar
low-frequency g (see Figs. 5.3 and 5.4). If V, is the r-f voltage devel-
oped across the output circuit, the total power delivered by the beam is

1 1
P2=V§(R-;+R—L)’ (3)

and the useful power P is Vi/R,. If the full r-f current [i| arrives in
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the output ecircuit, V3 is given by

_ . Rs:R.
Vi=i (R‘; T R2>’ @
and therefore
_ 2 ( RR. \' _ ., RiRs
Pr = Ry (RL + Rz) = (B + Ra)* )

By combining Eqs. (1) and (2) and substituting for 7 in Eq. (5), the
following relation for the power gain is obtained:
P,  ¢:R:RiR. 6)

P. T (R. + Ro)?

For a constant-current generator such as this amplifier, the maximum
value of P, is obtained when B, = R, in which case

:R.R
Goas = 7" 4‘ 2, )

In this simplified derivation the effects of transit time, represented by
the beam-coupling coefficient, are assumed to have been included in the
effective transconductance. The details of the calculation of the inter-
action between the electron beam and the gap are discussed in Chaps. 3
and 5. From Eq. (7) it is clear that the maximum gain obtainable is
dependent not only on the transconductance but also on the shunt resist-
ances of the input and output circuits, which are partly functions of the
tube and partly of the rest of the resonator.

High-efficiency Amplifiers.—Equations (6) and (7) lose their meaning
when applied to a power amplifier operated in Class B or C in the interests
of efficiency because there the tube is not operating as a constant current
device. The concept of the transconductance must therefore be revised.
In the first place, the loading is adjusted to let the r-f voltage in the output
circuit rise to the point where it almost stops the beam, thus giving the
best possible ‘“electronic efficiency.” Beyond this point any increase
in current calls for a heavier load. Because the circuit losses remain
the same if the r-f voltage is kept at its optimum value while the output
power is increasing, the ‘‘circuit efficiency” may also become high.
High-efficiency operation of this sort, it appears, has not yet been
achieved at microwave frequencies. In the second place, in discussing
high-efficiency operation it seems simplest to follow the terminology
that is usual in klystron work and to speak of ‘‘bunches’ of charge
traversing the output r-f gap (the grid-plate region) with the distinction
that here the bunches are formed by ‘“gating” action at the potential
minimum and not by velocity modulation and a drift space. In fact,
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a power tube must have a negligible drift space or separation between
input and output circuits, otherwise the velocity variations accompanying
the gating action may lead to ‘“debunching.” No detailed treatment of
power amplifiers is given here in view of the lack of experimental data,
and the balance of this chapter is concerned mostly with low-level
amplifiers.!

Resonator parameters.—Provided the resonator geometry is such that
there is a well-defined region—the r-f gap—across which most of the
capacitance is found, the @ is given approximately by the familiar low-
frequency expression € = wCR, where C is the effective capacitance,
ordinarily fixed by the tube geometry, and R is the circuit shunt resist-
ance. The values of C' and R are by no means independent, however,
because for many common resonator shapes that portion of B contributed
by circuit losses is directly proportional to the length of the r-f gap,
whereas C varies inversely with this length (see Chap. 4). In most
tube designs, beam loading on the cathode side insures that R; is enough
smaller than R to outweigh differences in effective capacitance in the
input and output circuits, and thus makes the bandwidth of the input
circuit greater than that of the output circuit, usually by a factor of 2 or
more.

The shunt impedances R; and R: may be estimated in several ways.
Where the geometry is simple, the factor relating shunt impedance and
unloaded @ is known. Standing-wave measurements in the input line
will then permit calculation of B.  On the other hand, it may be possible
to vary a bias until electron flow is just cut off; this method measures the
peak r-f voltage, from which the shunt impedance may readily be com-
puted if the driving power is known. A correction for transit-time
effects, using the beam coupling coefficient, may be advisable.

High-frequency g..—Before proceeding to the experimental data it
may be well to examine further the statement about high-frequency g,
that was made in connection with Eq. (2).2 The calculations of Llewellyn
and Peterson? show that the magnitude of the transconductance for small
signals does not greatly deteriorate even at very high frequencies. Their
curves predict a minimum of slightly less than 0.8 of the d-¢ value for a
transit angle of 2r, after which the g, oscillates but never departs from
the d-c value by more than 10 per cent. For small angles (x or less)

! For a résumé of experiments on several types of power amplifiers and a discussion
of the failure to achieve Class C operation, see H. W. Jamieson and J. R. Whinuery,
“Power Amplifiers with Disk-Seal Tubes,” Proc. I.R.E., 84, 483 (1946).

 The treatment here follows that in H. V. Neher, “Some Notes on Space-charge-
limited Oscillators and Amplifiers at Microwave Frequencies,” RI. Report No. 822,
Nov. 15, 1945.

3 T. B. Llewellyn and L. €. Peterson, “Vacuum ‘i'ube Networks,” Proc. I.R.E., 32,
144, (1944). See also Fig. 5-3.
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the phase lag of the current passing the grid is 3} of the transit angle,
and at larger angles the lag is approximately equal to the angle less .
In computing transit angles in a space-charge-limited region it must be
remembered that an electron requires 50 per cent more time to traverse
the distance than it does in a space-charge-free region.

Spread in Transit Angles.—It should not be assumed that the results
reached by Llewellyn and Peterson predict satisfactory operation at
higher and higher frequencies without the necessity for decreasing the
cathode-grid spacing. Where the lag in transconductance is large it
becomes very necessary to keep the spread in transit angles to a low value.
For, if the phase of some of the electrons passing the grid differs by = from
that of other electrons which ideally would have the same phase, then
these two groups of electrons will cancel each other, electron for electron,
and the resultant transconductance will suffer accordingly. A criterion
that the spread in transit angles for all electrons must not exceed +#/4
may be set arbitrarily. Any variation in cathode-grid spacing from point
to point results in the same percentage variation in transit angle, and any
variation in potential causes roughly half that variation in transit angle.

The factors that affect the phases of the electrons may be listed in two
mein categories, as follows:

1. TIrregularities in the electric field between cathode and grid.

a. Edge effects or fringing. These result in a different distance of
travel as well as in a variation in field strength (most important
for small cathodes).

b. Nonuniform spacing between cathode and grid—for example,
lack of parallelism in a planar structure.

¢. Coarse grid mesh. For a parallel-wire grid the spacing between
wires should not exceed the cathode-grid spacing. A limit is
thus set on. the wire size also because, for good transparency, the
wire diameter should be less than one-third the spacing. For a
woven-mesh grid the requirement on wire size is still more
stringent because of the irregularities introduced by the weave.

d. Irregularities on the surface of the cathode are just as important
as irregularities in grid surface.

e. Variation in contact potential over the grid. It is known that
such a potential may amount to several volts and there is no
a priori reason to assume it is constant over the whole grid
surface.

2. Trregularities in emission over the cathode surface. These may be
a serious factor not only in causing variations in transit angles but
also in causing excessive loading. If the cathode does not emit
uniformly over its surface but has some temperature-limited
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regions and some regions that emit several times more copiously
than is necessary, the transit angle may vary by at least 50 per
cent. There is a transconductance from a temperature-limited
region that is due to transit-angle “bunching’’ (see Eq. 3.28) and
this transconductance may be completely out of phase with that
from the space-charge-limited regions.

The difficulties of making a high-frequency amplifier are apparent
when it is pointed out that even for very close spacings (of the order of
0.001 in.) the cathode-grid transit angle for an electron with thermal
energy is about 2r at 3000 Mc/sec—which, with the limits on spread of
+7/4, means an allowable variation of +12 per cent in spacing. Never-
theless, the factors listed under Category 1 can be made to approach
the ideal simply by refinements in construction. On the other hand, the
production of a satisfactory cathode that emits uniformly over its surface
is presumably the major problem to be solved.

Mazimum Value of Low-frequency Transconductance.—As the grid is
brought closer and closer to the cathode the low-frequency transconduc-
tance per unit current tends to approach a limit set by the thermal energy
distribution of the electrons. If the grid is at the potential minimum, the
electrons reaching it are those with energies greater than a certain mini-
mum value. From kinetic theory it may be shown that the limiting
conductance per unit current is given by

gl—';' = /ciT volts™—1, ®)
where e is the electron charge, k is Boltzmann’s constant, and T is the
absolute temperature of the cathode. For a cathode at 1050°K the
limiting conductance is about 11 mhos/amp or 11000 pmhos/ma. The
best cathode in the series of experimental tubes built at the Radiation
Laboratory was less than half as good as this ideal; it had a static g
of 5000 pmhos at 1 ma plate current and 8000 ymhos at 2 ma. The
spacings were such that the potential minimum was put in the plane
of the grid at about 1 ma. This experimental result is taken to mean
that only a fraction of the cathode surface was emitting copiously.

The high-frequency g» can be computed from Eq. (7) provided the
shunt impedances and the gain are known. Where the geometry permits
a good estimate of the shunt impedances, the values obtained for the best
tubes (from the standpoint of the factors listed under Category 1) are in
fair agreement with the low-frequency results, as is shown in Sec. 6-3.

Bandwidth.—Measurements of gain are of little value unless the
bandwidth is specified. In almost all grid-separation amplifiers the
loading on the input circuit is so heavy that the bandwidth of the output
circuit is the determining factor. Writing C. for the effective capaci-
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tance across the output circuit, the bandwidth Af between the half-power
points is given by
_f _ RBet Rs
& =3 = %Rk ®
Combining this result with Eq. (7) gives an equation for a figure of merit,
power gain multiplied by bandwidth,

granl . R, .
2xC; (Rr + R»)

If the amplifier is loaded for maximum gain, Ry = R., the figure of merit
is

G-Af =

(10)

gaR

[G - Aflimare = m, )

this figure is a property of the tube alone, if it is granted that most of the
input loading is in the tube rather than in circuit losses. If the loading
is adjusted for the highest possible figure of merit, the latter approaches,
as a limit for very heavy loads, a value just twice that given by Eq.
(11)—that is,

lim (G- Af) = Inbs
R:r—[l»O( /) 27Cy (12)

At this limit the gain would fall to zero, but long before this condition
was reached the bandwidth of the input circuit would have become the
limiting factor.

Effect of Feedback.—In practice, the assumption of negligible feedback
is unjustified; there is considerable coupling through the plate-cathode
capacitance. If the resultant voltages across the input and output gaps
are denoted by V{ and V; where the primes indicate that feedback is
included, and if m is the feedback voltage ratio, then for the special case
of 180° transit angle

(. r ., RiR. _ Vi
VI—V1+mV2-—-V1+m1RL+R2—1—m R (13)
"R. + R,
and it can readily be shown that the power output is
r grangRL Vi 2_
S ey ALl D— 14
IR, ¥R,

The gain with feedback, 7, is given, in terms of the gain G predicted by
Eq. (6), by the expression

¢ = G(l - jrxy 5)
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where v is written for mg,R2 and £ = Ry/R;. The effect of the kind
of positive feedback considered here is to increase the gain markedly,
especially at light loads (small z), and to shift the maximum output point
to lighter loads than the value R, = R. which was predicted by Eq. (7).

Another effect of positive feedback is the narrowing of the input circuit
bandwidth, which may become severe enough to reduce drastically the
figure of merit. The existence of a positive feedback means that from
the point of view of the generator in the input circuit a negative con-
ductance has been inserted parallel with the positive conductance already
present to represent the losses. Since the input power P, [in Eq. (1)]
remains constant while the developed voltage V, is increased by the

factor

1 _ 1
g RR, . v

m RL + Rz 1 + xr
[see Eq. (13)], the input resistance with feedback R} is enhanced by the
same factor as the gain [in Eq. (15)]. The input circuit bandwidth is
inversely proportional to R;, and so must decrease as the gain is increased
by regeneration. With even moderate amounts of regeneration the
input circuit bandwidth may become less than that of the output circuit,
and the generator may no longer be matched to the input; Eq. (1) there-
fore is no longer valid. For this reason an exact expression for the
figure of merit is too complicated to be useful. Qualitatively the figure
of merit may increase slightly with very small amounts of regeneration,
provided the input circuit without feedback is much broader than the
output circuit. After the regeneration has been increased to the point
where the input circuit is the narrower one, the figure of merit decreases
rapidly.

6:3. Experimental Amplifier Tubes for the 3000-Mc/sec Region.—
H. V. Neher at the Radiation Laboratory! improved the space-charge-
controlied amplifier tubes for the 3000-Mc/sec region and this work
resulted in some experimental triodes and tetrodes that gave remarkably
good performance. These tubes were difficult to produce consistently,
however, and so far have not been produced commercially. Their con-
struction is illustrated in Fig. 6-2.

The tube is mounted in a standard metal envelope containing both
input and output resonators, which are tuned by distorting the envelope
slightly. The input circuit comprises the cathode assembly 1, mounted
in a copper sleeve 2, which forms the inner conductor, a flexible diaphragm

1 —

tH. V. Neher, “A Preliminary Report on the Radiation Laboratory S-band Ampli-
fier,”” RL Report No. 306, July 10, 1943, and “Some Notes on Space-charge-limited
Oscillators and Amplifiers at Microwave Frequencies,” RL Report No. 822, Nov. 15,
1945.
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6, and an outer conductor 5, closed by the first grid 7. This grid is wound
with 0.0003-in. tungsten wire stretched across a #-in. hole in a 0.005-in.
molybdenum disk, and is insulated (for direct current) from the outer
conductor 5 and the screen grid 8 by mica disks. The input circuit is
fed by a coaxial line 22, tapped on to the center conductor by a flexible
sleeve 4. The circuit is tuned by applying pressure with the screws in
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Fi1a. 6:2.—Cutaway drawing of an experimental 3000-Mc/sec amplifier tube.

the heavy ring 24. Pressure applied in line with the bent strut 17 moves
the cathode away from the grid and increases the resonant frequency;
pressure along the diameter at right angles moves the cathode closer to
the first grid and lowers frequency. The output circuit consists of the
copper anode 9, the diaphragm 12, the outer conductor 11, and a grid 8.
The latter is similar to the grid 7 except for wire spacing. The actuating
rod 10 for the output-circuit tuning is made of Invar and forms part of
the temperature-compensstion system. The entire output circuit is at
anode potential, being insulated by mica from the grid 8, mounting
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sleeve 20, and retaining ring 13, and from the tuning mechanism with a
ceramic bead 14. The output-coupling loop mounted on the coaxial
fitting 23 enters the cavity through an oversized hole in 11.

This construction is unconventional but has several important
characteristics.

1. Resonators are “built in”” and are of simple geometry.

2. Cathode and anode spacings are adjustable (at the price of a shifg - -

in frequency). r

3. The cathode can be flattened in place both before and after coatingl

. A high degree of parallelism between cathode and grid can ber
maintained.

. Cathode-grid spacing can be calibrated in terms of resonant fre-t

quency by measurements on the cold circuit before assembly. (

. Fine, taut grids with wires as small as 0.0003 in. and spacings down,

to 0.001 in. can be used. {

By stacking grids with mica insulators it is possible to make a(
pentode almost as easily as a triode.

i — A

The performance of the best of these experimental tubes was fer§
satisfactory. Gains up to 20 db at 6 Mc/sec bandwidth and noise figures
in the order of magnitude of 9 db were obtained in the 3000-Mec/fsec
region. One triode that was operated as an oscillator gave an outpu% of
1 watt at 25 per cent efficiency. In general, it was necessary to usg a
tetrode structure to avoid instability. A few tubes of similar structure,
designed for the 10,000-Mec/sec region, were built by G. A. Hobart IL
The best of these had a gain of 10 db and a noise figure of 18 db, and
oscillated at 1 per cent efficiency. The bandwidth was not recorded.* -

Because the simple geometry permits the estimation of the sh&n&—i -
resistances, the effective g¢,, for radio frequencies can be calculated from
Eq. (6). Typical values for one tube are: Ry = 300 ohms, R, = 70,000
ohms, gain = 100, r-f g, = 4400 ymhos |computed from Eq. (6)], and
low-frequency gm = 6000 pmhos (measured at direct current). These
measurements appear to confirm the predictions of Llewellyn and Peter-

son, referred to in Sec. 6-2, that transconductances closely approaching

the d-c values may be obtained at microwave frequencies, provided the
spread in transit angles is kept low.

[

L N h kw wi e—dd

Input Loading.—At low frequencies, because the signal is injected
between the cathode and grid, R, would be expected to be simple diode

loading—that is, R, = gl The modifications introduced by transit-
time effects have been worked out by Benham,! and Llewellyn and

! W. E. Benham, “Theory of the Internal Action of Thermionic Systems at Moder-
ately High Frequencies,” Phil. Mag. 5, 641, (1928), also 11, 457 (1931).
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Peterson.! In general, as the frequency is raised the conductance
decreases slowly at first, drops to zero at a transit angle of 2, then
goes negative, and passes through zero again at 3r. At frequencies of
about 1000 to 1500 Mc/sec with comparatively large grid-cathode spac-
ings, it is possible to follow this behavior experimentally. In the nega-
tive conductance region, oscillation at low efficiency (the so-called
“monotron’’ mentioned in Chap. 2) has been obtained.? In the 3000-
Me/sec region it becomes very difficult to follow this ideal diode behavior;
the reason for the difficulty must be discovered. One possible reason
is the variation in transit angles introduced by the spread in initial
velocities (the thermal-energy distribution). A simple calculation shows
that this effect is small even for a diode voltage of 2 with spacings of a
few thousandths of an inch. Experimentally, it has been found that the
input circuit resistance is sensitive

1200 %
to grid bias, as is shown in Fig. 6-3.
5 This experiment was made on a
5 800 Epas pla€  tube with a cathode area of 0.08
_‘F:E; ! \\ I, g cm?, a grid wire diameter of 0.0003
o \ S in., and a spacing of 0.002 in. be-
400 ZE tween centers, at a grid-cathode
\\;‘ 3  spacing of 0.0036 in. and a fre-
0 quency of 3000 Mc/sec. At suffi-

0
~12 -10 -8 -6 -4 -2 0 +2
Grid bias (volts)

ciently high negative biases the

Fra. 6-3.—Variation of input shunt
resistance of an experimental 3000-Mc/sec
amplifier with grid bias. The correspond-
ing cathode current is also shown.

shunt resistance R; approaches the
values found for a cold tube, but as
the bias is decreased the resistance

drops rapidly. When current flow
begins, the resistance has already fallen almost to its minimum; the actual
flow of current has little effect on theloading. Similar variations in shunt
resistance are found if the grid biasis held constant and the heater power is
varied ; under these conditions the cathode current will also change widely.
This change is caused in part by the shift of the potential minimum
(virtual cathode) from the cathode toward the grid as the emission
becomes more plentiful, and in part by nonuniformity in activity over the
cathode surface, which means that some regions are temperature-limited.

The foregoing results can be understood with reference to the classical
theories of cathode behavior. Electrons are emitted from the cathode,
the number per unit time depending on the nature and temperature
of the surface. How far these electrons travel from the cathode will

1F. B. Llewellyn and L. C. Peterson, ‘“Vacuum Tube Networks,” Proc. I.R.E., 82,
144 (1944) Fig. 4.

2 F. B. Llewellyn and A. E. Bowen, “Ultra-High-Frequency Oscillations by Means
of Diodes,” Bell System Tech. J., 18, 280 (1939),
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depend on their initial velocities and on the field in which they find
themselves. Ordinarily, there is a large excess of emission that results
in the turning back of many electrons to the cathode by the negative
field built up by their own charges. Only a few have sufficient initial
energy to pass the resulting potential minimum that constitutes the
“virtual cathode.”t A simple calculation shows that, for ordinary
current densities and cathode temperatures, the transit angle for an
electron that almost reaches the potential minimum and is then turned
back to the cathode is between 7 and 2r at a frequency of 3000 Mc/sec.
Under these conditions the exchange of energy between the electrons and
the rf field is close to its maximum value. In the first order this energy
exchange should cancel out over a cycle because of the random emission
from the cathode, but second-order effects are important and result
in a net transfer of energy from the field to the electrons. For example,
this hypothesis predicts that some electrons will strike the cathode with
extra energy (back bombardment); this energy reappears as cathode-
heating. Eunergy is conserved, but back bombardment is an unduly
expensive method of heating a cathode. The loading that results from
this process ordinarily appears to be heaviest at frequencies around
3000 Mc/sec, and it is expected that it would decrease somewhat at higher
frequencies; however, this decrease has apparently not yet been observed.

The coneclusion is that an ideal cathode would be one that emits
uniformly over its whole surface, with the resuit that the potential mini-
mum would be plane and the spread in transit angles would be minimized.
For a low-level amplifier the cathode temperature should be adjusted so
that the emission is only a little greater than the standing current—
enough to supply the demands of the signal without reaching saturation.
Under these conditions there would be the least possible loading by low-
energy electrons shuttling between the cathode and potential minimum,
without sacrificing gain. As a practical working rule the input-circuit
loading at frequencies in the 3000-Me/sec region is given by R4 = 25
ohms-cm?, where A is the cathode area in square centimeters.

6-4. Noise in Microwave Amplifiers. Input Circuit Noise—The
noise generated in the input and output circuits of an amplifier of this
sort may be measured separately, provided the circuit not being meas-
ured is detuned to avoid feedback effects. If the current is not tem-
perature-limited, the noise power originating in the input circuit can
be remarkably low. This fact is shown in Fig. 6-4, where the 3000
Mec/sec noise power Ny in units of kT(Af)—4 X 10~ watts for 1 Mc/sec

! The distance from the cathode to the potential minimum may be calculated from
data published by B. J. Thompson, D. O. North, and W. A. Harris, “Fluctuations in
Space-charge-limited Currents at Moderately High Frequencies,”” RCA Rev., 4, 443,
(1940).
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at room temperature—is plotted against grid bias for a tube with a grid-
cathode spacing of 0.001 in. The plate current is also shown. The noise
becomes very low at high negative
biases because the transit angle be-
tween cathode and potential minimum
becomes very small. At the normal
operating current of 2 ma the noise
power is still less than twice £7'(Af)
& and the actual flow of current makes
3 comparatively little difference. As
- & long as electrons come near the grid it
@ / does not matter whether they continue
- through it.
N If the heater power is reduced so
4 Noise pawes J that a temperature-limited current is
i 4 > o w20 obtained, the situation is very differ-
Grid bias (volts) ent, as shown in Fig. 6-5. The circuit
Fro. 6:4.—Noise at 3000 Me/sec ig quiet as long as the current is space-
f:;’:{:fedag‘p‘l?ﬁp;t cireuit ‘:ﬁ;'fc::ﬁg’;; charge-limited, but the noise rises
spacing of 0.001 in. as s function of grid  rapidly as the eurrent becomes more
E‘ﬁso :H;;;’_’"esp"“dmg plate current 19 more temperature-limited. At
still higher positive biases the noise
curve should level off at a value corresponding to the familiar tempera-
ture-limited diode.
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Fi1a. 6-:5.—Noise generated in the input circuit of the amplifier shown in Fig. 6-4 with the
heater power decreased to give temperature-limited emission.

At low frequencies the noise from a temperature-limited diode or
from a closely spaced space-charge-limited diode may readily be caleu-
lated. Considering the cathode-grid region as a space-charge-limited
diode, if the potential minimum is at the grid, as it will be to a fair




Skc. 6-4] NOISE IN MICROWAVE AMPLIFIERS 159

approximation, the number of electrons reaching the grid will be governed .
by the laws of probability. A perfectly random current, therefore, may
be assumed. Furthermore, at low frequencies the electrons that are
turned back before reaching the potential minimum will not exchange
energy with the field because of the averaging-out over the cycle; the
averaging is effective at small transit angles. Under these conditions
the mean-square noise current is given by the equation

I = 2elo(4f), (16)

where ¢ is the electron charge, I, the average current, and Af the bandwidth
of the detecting device. These currents will cause a voltage V, to be
built up across the circuit given by

Vi = 2el,(Af)RE, (17

where R, is the shunt resistance of the input circuit. Expressing the
noise power in terms of the Johnson noise, 4kTR(Af), developed across
any resistance B at the temperature 7'y gives

e

Ny = 2KT,

IR, (18)

At low frequencies, B; = 1/g, where g is the diode conductance and
g/Io is given in the ideal case by Eq. (8). Substituting these values in
Eq. (18) there is obtained

Nx = (19)

| IS
3=

where T" and T are cathode and room temperatures respectively, for the
noise power in terms of Johnson noise in an ideal closely spaced diode
at low frequencies. Ny is often referred to as the ‘“noise ratio” of the
input circuit.

At high frequencies the low-energy electrons (those which shuttle
between the cathode and the virtual cathode) discussed in connection
with input loading also contribute noise. Both experimental and
theoretical considerations indicate that the extra noise eurrent is very
nearly offset by the attendant decrease in R1. Thus Eq. (19) may be
used for microwave frequencies, and in fact it agrees well with the results
of Fig. 6-4 at zero bias.

Output Circuit Noise.—The output circuit noise may be measured
either by detuning the input or by reflecting a short circuit in the input
line to the gap. The effectiveness of this procedure (and the absence
of feedback) may be tested by measuring the gain, which should be down
by about 30 db. In a widely spaced tube at low frequencies the reduction
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of noise by space-charge smoothing is well known.! TFor a closely spaced
diode where the anode is at or near the potential minimum, there is no
smoothing effect since the minimum is essentially tied to the anode and
isnot free to vary. Asthe cathode-grid spacing is increased, the potential
minimum becomes free to perform its gating action. The factor relating
the noise with space-charge smoothing to that from a perfectly random
current is usually called I'?, and theoretical values for this factor have been

checked experimentally.
The smoothing factor I'? may be measured conveniently by replacing
the hypothetical diode plate with a grid and measuring the noise in the
output circuit. A series of measure-

2500 ments at 3000 Mc/sec with various

cathode-grid spacings is shown in Fig.
6-6. Noise power in units of k7T'(Af)
is plotted against plate current. For
Curve 1 the cathode-grid spacing is
0.036 cm, and the cathode is operated
at a temperature low enough to make
the emission temperature-limited. As
is to be expected, the noise power is
:Z; %] linear with the current. For the rest

7/ 4 | of the curves the current was space-
- charge-limited. For Curve2thespac-
Wé{;_ﬂﬁ— ing is 0.009 ¢m, and for Curve 3 it is
0 0.013 cm. The reduction of noise is
1 P|2ate Surreﬁt (mi) 6 7 appreciable. In Curves 4 and 5,

2000 /

1500

1000

W\
e o

500

Output noise N, (units of kT (Af))

F1ga. 6-6.—Output-circuit noise show-
ing effects of space-charge smoothing.
In curve 1 the emission is temperature-
limited; in curves 2 to 5 the current is
space-charge-limited and the cathode-
grid spacings are 0.009, 0.013, 0.028 and
0.036 cm respectively. Broken lines
corrected for interception noise.

taken at spacings of 0.028 cm and
0.036 cm respectively, a positive grid
bias is required to obtain the higher
currents. These portions of the
curves are indicated by broken lines
and the experimental points have been

corrected (arrows) for the extra noise
due to grid interception. The smallest value of I'? (Curve 5) is found to be
0.20, in contrast to the low-frequency theoretical value of 0.02 for the
same spacing and current. Thus, space-charge smoothing appears to
exist at 3000 Mc/sec but is much less effective than at low frequencies.
This decrease in effectiveness is to be expected because the interaction
between slow electrons that gives rise to the smoothing takes appre-
ciable time. Also, the smoothing can be obtained only with cathode-grid

1A good discussion of this is given in B. J. Thompson, D. O. North, and W. A
Harris, “‘Fluctuations in Space-Charge-Limited Currents at Moderately High Fre-
quencies,” RCA Rev., 4, 441, (1940).
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spacings that are far too large to give a satisfactory high-frequency
transconductance. The result is that the current in the output circuit
must be considered to have the full shot noise.

Over-all Noise—The over-all noise in these experimental tubes was
found to be equal to the sum of the input- and output-circuit contribu-
tions. This relation does not necessarily hold, especially at low fre-
quencies, where feedback effects may reduce the noise originating between
cathode and grid when the input and output circuits are in resonance.
When the input circuit is as quiet as it was in these experiments, no
appreciable feedback effect is to be expected.

The output-circuit noise voltage is given by Eq. (17), with R, replaced
by R,. In terms of Johnson noise, the output noise ratio is

e

N: = m I()Rz, (20)
analogous to Eq. (18). In order to calculate the noise figure for the
amplifier as a whole, this noise ratio may be referred to the input circuit
by dividing by the gain and adding it to the input contribution, Eq. (19),
plus one to insure the correct reduction to a passive network; thus

F=1+N1+%2- (21)

By taking the gain at matched load as given by Eq. (7), and substituting
from Egs. (19) and (20), there is obtained

1T, 2 I

NF =1 B S S
NE + 27T,  kTo giLR, (22)
This expression has been checked for various amplifiers in the 3000-
Mec/sec region and has almost always predicted the noise figure within
a factor of 2. It is interesting to note that the properties of the output
circuit do not enter into the noise figure.
The factor gTIIOf in the last term of Eq. (22) may be written in the
mibl
following way:
I, 1

TR (23)
CNCANEOVIN
L) \a

The maximum practical current density I,/ A for an oxide-coated cathode
is about 0.2 amp/cm?; R14 has an experimental value of about 25 ohms/
cm?; and the theoretical limit for g,/I, is 11 per volt [Eq. (8)]. When
these values are substituted in Eq. (22), an optimum noise figure of
4-2 is obtained. The best of Neher’s experimental tubes has a noise
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figure of about 7, but has a value of g./I, that is only about 0.4 the pos-~
sible maximum.

The conclusion is that satisfactory low-level amplifiers of more or
less conventional design can be developed for the frequency range up to
at least 3000 Mc/sec. All that is needed is the application of refinements
in construction and the development of more dependable and uniform
cathodes. Interesting possibilities for future research include the
replacement of the actual cathode as a part of the input circuit by a
virtual cathode formed by injecting the beam at low velocity into an
r-f gap between two grids. Preliminary studies indicate that such a
virtual cathode may be ‘“quiet”” and at the same time show a high
mutual conductance. Another possibility is raised by a suggestion of
Peterson! that at high frequencies there should be a reduction in noise
if a space charge is built up between the input and output circuits of a
tetrode. This can be done if the first grid is run a few volts positive with
respect to the cathode and the second grid at a lower positive potential.
As the injected current is raised, there will be sudden discontinuity in
current to the second grid and a simultaneous formation of a virtual
cathode between the grids. This point is known as the “Kipp”’ point,?
and Peterson predicted that some interesting effects would be observed
just below this point (see Sec. 5.6). The general features of his theory
have been confirmed by Neher. Depending on the various currents and
voltages, the signal power and noise power coming out of the tube are
drastically affected and to different degrees; for example, the signal
could be enhanced as much as 10 db or could be diminished 20 db with
less than 50 per cent change in plate current. The effect is most marked
with comparatively large grid-cathode spacings, and so far the best that
has been done is to give a tube with rather wide spacings a noise figure
about as low as that obtained with close spacings. There seems to be
no easy way of getting a mental picture of the process, except that transit
angles of the order of 2r are involved. Further research seems necessary.

6-6. High-efficiency Amplifiers.—The question of high-efficiency
Class B and Class C amplifiers has received relatively little attention.
So far no successful tubes have been built for frequencies of 3000 Mc/sec
and above, but some measurements on the behavior of the experimental
amplifiers designed for Class A operation described in Secs. 6-3 and 6-4
have indicated that Class B or Class C operation can be attained, given
sufficient driving power. These small experimental tubes have insuffi-
cient power-handling capacity to make a useful device.

L. C. Peterson, “Receiver Noise Figures,” BTL Memorandum MM-42-130-91,
Sept. 30, 1942.

2J. K. Knipp, “Space Charge Between Parallel Planes,” RL Report No. 534,
Mar. 22, 1944.
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In order to get high efficiency it seems necessary to use a tetrode struc-
ture with a negligible drift distance between the input and output
circuits so as to avoid ordinary drift-space bunching that would have a
‘“debunching’ effect in this case. Since for a high electronic efficiency
the electrons should reach the plate with a very low velocity, triodes
would have poor output circuit efficiency. It would be necessary to
use close spacings because the electrons would start across the output
gap with a comparatively low velocity; these close spacings would cause
relatively high circuit losses.

The output circuit would have to be designed so that loading by
secondaries ejected from the plate could be avoided. Probably such a
design would necessitate a slat or honeycomb construction of the plate
that would act as an electron trap or Faraday cage. The mechanical
difficulties of maintaining constant close spacings between cathode and
grid become increasingly serious, and the problems of producing a
uniformly effective cathode become more difficult, as the cathode area
isincreased.

6-6. Practical Triode Amplifiers.—The commercially available space-
charge-control tubes best suited to amplifier applications are the light-
house family of disk-seal planar triodes. The graduated disk-seal
construction of the lighthouse tubes was chosen with the intention of
facilitating their insertion in a grid-separation circuit with concentric
coaxial-line cavities, the cylinder in contact with the grid disk serving
simultaneously as outer conductor for the output (plate) circuit and inner
conductor for the input (cathode) circuit. This arrangement is shown
schematically in Fig. 6-7; the d-c connections and necessary blocking
condensers are omitted. It should be noted that, if the over-all diameter
of the circuit is kept small and if the anode lead is made massive for
good heat conduction, the output lead must be small in diameter.

In order to improve cooling of the anode and to reduce losses in the
output circuit, some tubes have been designed with an inverted structure,
the cathode being at the small end with a concentric heater lead. An
example of this construction was the CV90, developed in England.!
The 2C38, 2C39, and 2C41 are samples of the inverted lighthouse con-
struction developed in the United States; they are sometimes referred
to as “oilcan’ tubes. Although they are certainly superior to ordinary
lighthouse tubes in respect to power handling capabilities it is not at all
clear that the inverted lighthouse tubes make better low-level amplifiers.

Only a few studies of the performance obtainable from lighthouse
tube amplifiers over the frequency range 1000 to 3000 Mc/sec were
undertaken during the war because the work was time-consuming and

1 A smaller version of this tube, the 2C36, was put into limited production in this
country toward the end of the war.
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the results disappointing. Furthermore in view of the wide variations
in performance from tube to tube the samples studied were usually too
small to give a trustworthy picture.

In the region from 500 to 1000 Mc/sec, amplifiers using apparatus
similar to that shown in Fig. 6-7 have been widely used. The d-¢
insulation between cathode and grid is provided by the mica condenser

Input line

Output line

R-f cathode Tuning plungers
connection

F1a. 6-7.—8Sketch of a typical grid-separation circuit for a lighthouse tube. Direct-current
connections and insulation omitted.

Inner conductor

Slotted of plate-grid
fingers P Iineg
a
b D-c plate
. ‘ connection
N N LT T,
NS
S R
N \\\ N

/ /M(ica blocking condenser
Pla

te of lighthouse tube
F1a. 6-8.—Sketch of a plate blocking condenser for lighthouse-tube circuits.

built into the lighthouse tube between the cathode proper and the base
shell which forms the r-f cathode connection. Plate voltage is applied
by means of a d-c lead within a hollow plate connector provided with a
blocking condenser as indicated roughly in Fig. 6-8. A condenser of
this type introduces the minimum losses in the cavity if placed with
point a near a current node. Af the higher frequencies it is advisable
to make the electrical length of the dielectric-filled line @ — b a quarter
wavelength.! A choke plunger might be used instead of one with

1 At this wavelength the coaxial line formed with the d-c lead as the center condue-

tor should have a high impedance, and r-f chokes (quarter-wavelength cups) on the
center conductor may be advisable to reduce leakage.
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contact fingers. The use of such a plunger, however, would require an
increase in the diameter of the grid line to obtain reasonable clearances,
and this in turn would require an increase in size of the cathode-grid
cavity. This enlargement may give trouble with a higher mode (than
the principal TEM-mode), which becomes possible when the arithmetic-
mean circumference of the two conductors is approximately equal to the
wavelength.

Typical noise figures for an amplifier of this sort, using a 446B or
2C40 lighthouse tube, are 7 db at 500 Mc/sec and 10 db at 1000 Mc/sec.
Above 1000 Mc/sec the noise figures deteriorate rapidly;! average values
are 16 db at 2000 Mc/sec and about 21 db at 3000 Mc/sec, when the
tube is operated at a plate voltage of 300 and a current of 20 ma.? At
frequencies below about 1500 Me/sec the noise figure is improved by
operating at lower plate currents. Along with the rapid increase in
noise figure at the higher frequencies there is a marked decline in the gain.
For a typical tube and circuit the gain might drop from 10 or 11 db at
1500 Me/see to about 1 db at 3000 Mc/sec.

A characteristic of the noise figure is that it fluctuates much less
from tube to tube than does the gain. Doubling the shunt resistance
of the output circuit doubles the power gain (and halves the bandwidth),
but it also doubles the shot noise from the output circuit. As was
pointed out in the discussion of Eq. (22), the properties of the output
circuit do not enter in the computation of the noise figure, and as the
contribution of the output circuit usually makes up by far the larger
proportion of the noise figure, the over-all noise figure varies little from
tube to tube. As a result, measurements of noise figures made in various
laboratories may be expected to agree within 2 db, if obviously defective
tubes are excluded.

At frequencies greater than about 2000 Mc/sec it is usually impossible
to use coaxial-line resonators with lighthouse tubes in their fundamental
mode. Because of the capacitive loading contributed by the tube the
quarter-wavelength line must be shortened so much that the plunger
would strike the glass envelope of the tube. In these circumstances an
integral number of half-wavelengths is added to the line; the line is then
said to be operating in the #)\, §\, etc., mode. In comparison with the
fundamental ($)) mode, these higher modes have somewhat greater
Q’s and therefore smaller bandwidths, The higher Q results from the

t See measurements reported by W. M. Breazeale and M. Waltz, “Performance of
the GL446 Lighthouse Tube as an R-f Amplifier in the 10-20 cm Region,” RL Report
No. 291, Oct. 5, 1942.

2 Measurements in general agreement with these but running 2 or 3 db higher
have been reported by P. M. Garratt in “‘Lighthouse Tubes as R-f Amplifiers in the
10-cm Range,” General Electric Data Folder 46231, and in ‘‘Performance Character-
istics of GL446 Amplifiers,” General Electric Data Folder 46240,
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fact that the volume available for storing electromagnetic energy has
been increased more than has the dissipation. The factor by which the
Q is increased in going from one mode to another depends to some extent
on the capacitive loading provided by the tube but more on the dis-
tribution of the dissipation between losses in the resonator and the
external load. If the circuit efficiency is high and the capacitive loading
light, the bandwidth in the §\ mode may be only a little more than one
third of that in the fundamental mode. Allowance for this effect should
be made in applying the results of Sec. 6-2 by suitably increasing the
value of C¢ used in Egs. (9) to (12).

Ezperimental Results with Lighthouse Tubes—The validity of the
conclusions of Sec. 6-2 has been tested with some simple experiments.!
The circuit was basically that of Fig. 6-7 except that the cathode and

grid lines were of larger diameter in

05 x 1.0 15 order to facilitate coupling out of the

" T grid-plate cavity. The outer and

5t &8 inner diameters of the cathode-grid
Q;,\\‘“ circuit were 5.5 and 3.48 cm, and the

corresponding dimensions for the grid-
plate circuit were 3.32 and 1.1 em.
Cajy~a.. Choke plungers were used to avoid
™1 variable contact resistances, and al-
though efforts were made to reduce
Gain without feedback |  Tesonance effects in the lines behind
the plungers, these effects could not be
completely eliminated. The input
. 2 ain2 line was lossy and was matched to the
Effective loop area?, sin20 . . . .

Fie. 6-9—Gain and bandwidth of cathode grid cavity with an adjustable
a typical 2C40 amplifier st 9.9 cm, with probe. A constant power of the order
varying load. Plate voltage 250, cur-  of magnitude of a milliwatt from a

rent 30 ma. . .
swept frequency oscillator was avail-
able at the input. The output loop could be rotated to vary the coupling.
Figure 6-9 shows the variation of gain and bandwidth with rotation
of the loop for a typical 2C40 operated at 250 volts on the plate with a
current of 30 ma.2 Results are plotted against sin? 8, where 6 is the angle
between the plane of the loop and the magnetic field in the cavity, This
gives a scale proportional to 1/Rr or to z. The bandwidth varies
linearly as expected, and the scale of z may be established by use of the
fact that Af doubles in going from x = 0 to £ = 1. The gain curve is
computed from Eq. (15), using v = 0.75 and g2R:R: = 5.72 to fit at the

1 Unpublished work of M. C. Waltz at Radiation Laboratory.
* The recommended plate dissipation was exceeded in order to facilitate measure-
ment of output powers.
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peak. For comparison, a theoretical curve of gain without feedback,
pormalized to the same value of g4 R1Rs, is also shown. The value chosen
for ¥ may seem unduly large but it must be remembered that g.E:
is greater than 4, probably by a fac-

tor of at least 2; therefore, m is much . 7 "Bandwidth 3 -
less than unity, probably not greater S or 1%
than 0.1. In these experiments the £§ di 125 &
cavity geometry was not favorable 2; ar 1203
for estimating C3 or thelosses Riand £2 3] N 118 -g
R. If it is assumed that B, = 150 ET 2} G 2% 110 ¢
ohms (a normal value for a cathode & 1T 5 &
area of ¥ cm? spaced a few_ thou- 0 1020 3'0 400
sandths of an inch from the grid) and I, (ma)

the assumption that C; = 6 puf is Fic. 6-10.—Gain, bandwidth, and

- : figure of merit of a typical 2C40 light-
made (allowmg for the %_mOde n house tube as functions of plate current,

the cavity), gm, B2, and m may be esti-  plate voltage held constant at 250 volts.

mated from the experimental band- Freauency is 3030 Me/sec.

width at zero load, 2.3 Mec/sec, and the value of g2R;R, obtained from

the gain curve. The quantities g., R; and m so obtained are respec-

tively 1900 umhos, 11,000 ohms, and 0.035. The assumptions regarding

phase of feedback, etc., involved in deriving Eqgs. (14) and (15), are much
too drastic for these numerical

203 9 results to have any real signifi-
cance, but at any rate they form a

0r 925 plausible set.
3 '3 In Fig. 6:10 the gain, band-
28 420  width, and figure of merit for the
é ‘é same tube are shown as functions
E 6 415 of the plate current, varied by
& ‘é changing grid bias, with the plate
4 110® voltage held constant at 250 volts.
The coupling was occasionally re-
2L g adjusted during the experiment

10 15 20 for optimum output. As a result

Fia. 6-11.—Gai:, l‘::ndg:vidth, and figure the bandWIdt%l app'ear‘s t(,) vary
of merit of the typical 2C40 lighthouse tube erratically; this variation is pre-
shors, 1 e 510 a5 functions oL pute - sumably due to the diffculty in
- locating the maximum of the gain
curve, especially when little or no regeneration is present. Since the
points for the gain tend to fluctuate in a compensating direction, the
figure of merit follows a smooth curve reasonably well.

In Fig. 6-11 the gain, bandwidth, and figure of merit are shown as in
Fig. 6-10, except that in this experiment the plate current was constantly
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readjusted to 20 ma while the voltage was varied over a range from
110 voits (the minimum at which 20 ma could be obtained without using
positive grid bias) to 400 volts. For convenience, the data are plotted
against the square root of the voltage. The tendency for the gain and
bandwidth to vary inversely while the figure of merit remains relatively
¢onstant is striking. The cyeclical variation of the gain is readily under-
stood provided there is feedback by the plate-cathode capacitance. In
the absence of feedback the gain and bandwidth at optimum load would
be expected to remain relatively independent of voltage, provided the
r-f voltages are small compared with the corresponding d-c¢ voltages and
that the beam-coupling coefficient for the output circuit is not appreciably
affected. If there is feedback, however, the phase of the transcon-
ductance becomes important. Because this phase is varied by changing
the electron velocity while the phase of the feedback is constant, a
cyclical variation of the gain is to be expected. As the feedback swings
from positive to negative, the loading required for optimum output
becomes heavier.

Measurement of amplifier performance over a frequency band requires
more careful cavity construction than was used in the experiments
detailed above. The bandwidth of choke plungers must be taken into
account, and it is important to eliminate any leakage past the plungers
that can give rise to resonances and possibly to coupling between cavities.
Failure to suppress completely such extra feedback or fluctuations in R,
and R, results in a curve of gain vs. frequency in which the general trend
is hard to see because of numerous peaks and valleys. Because of the
decrease in effective ¢, resulting from spread in transit angles, the general
trend of the gain curve may be expected to fall slowly at first and then
rapidly as the frequency is increased. Superimposed on this downward
trend there may be an oscillation that is due to feedback through the
plate-cathode capacitance when the phase of the g, is shifted by the
change in frequency.

An idea of the variations to be expected between individual lighthouse
tubes may be obtained from Table 6-1, which shows gain, bandwidth,
and figure of merit for a group of 446B and 2C40 lighthouse tubes pro-
duced over a period of years by various companies. In tube 2C40
No. 2, which has the highest gain of the lot, the amplifier is on the verge
of oscillating when lightly loaded. Under these conditions the band-
width is very small, not so much because of the light loading of the output
circuit as because of the reduction in bandwidth of the input, and the
figure of merit decreases markedly, as is usual when there is regeneration.
Since tube variations are so pronounced, any practical application of an
amplifier of this type is difficult. The chief value of amplifier measure-
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TaABLE 6-1.—PROPERTIES OF REPRESENTATIVE LIGHTHOUSE TUBES AS AMPLIFIERS
AT 10 oM.
Plate voltage 250, current 32 ma. Load adjusted for maximum gain

Tube type Tube Power gain Bandwidth, Figure of merit, power
number Me /sec gain X bandwidth, Mec/sec
2C40 4' 2.56 9.3 23.8
4468 1 3.25 6.9 22.4
2C40 2* 13.7 0.85 11.6
2C40 2+ 9.6 2.9 27.8
2C40 2* 4.4 7.8 34.3
2C40 y 1.96 7.2 14.1
446B 3 4.83 4.7 22.7
2C40 4 3.6 5.0 18
2C40 5 9.0 3.9 35
2C40 6 5.8 4.7 27.3
446B 7 3.25 4.6 15
2C40 8 7.3 3.2 23 .4
2C40 10 5.3 4.7 25
2C40 11 4.85 3.9 19
2C40 12 7.3 3.1 22.6
2C40 13 1.69 6.5 it
2C40 14 5.3 4.3 22.8
2C40 8’ 3.25 5.6 18.2
2C40 X 9.0 2.9 26

* Various settings of coupling loop.

ments on lighthouse tubes in the 3000-Mc/sec region is to increase
understanding of the behavior of such tubes as oscillators.

In view of the importance of feedback effects it is natural to inquire
whether neutralization can be accomplished. Over a small frequency
range good neutralization can be obtained with a slot or other coupling
device properly placed in the partition between input and output cavi-
ties. Because of the dimensions of the envelope this coupling has to be
located at an appreciable fraction of a wavelength from the capacitive
coupling being neutralized—a distance that makes the adjustment fre-
quency sensitive. Very little experimental work, it appears, has been
done on this problem. Neutralization, however, has sometimes been
obtained accidentally in the course of attempting to make oscillators.
Care must be taken to insure good contact to the grid disk of the tube.
If one or more of the spring fingers does not make contact, or if the slots
between the fingers are resonant, there may be considerable extra feed-
back in addition to that caused by direct capacitive coupling through
the grid.



CHAPTER 7
MICROWAVE TRIODE OSCILLATORS

By J. B. H. Kurer

7-1. Introduction.—Space-charge-control tubes capable of functioning
as amplifiers in the microwave region can, of course, be made to oscillate
if provided with the proper feedback. The only triodes commercially
available during the war that were suitable for use at frequencies much
higher than 1000 Mec/sec were the lighthouse family of tubes. As a
result there is a considerable amount of information on how to make a
lighthouse tube oscillate at a given frequency, but comparatively little
work has been done on the fundamentals of triode operation.?

When operated in a grid-separation circuit of the type described in
Sec. 6-6 or in the “reentrant” oscillator circuit that is discussed in
Sec. 5 of this chapter, a typical 2C40 lighthouse tube might furnish 1
watt at 20 per cent efficiency in the 1000-Mc/sec region and perhaps
0.1 watt at 2 per cent efficiency in the 3000-Mc/sec region. The upper
frequency limit of most lighthouse tubes is in the neighborhood of 3500
to 4000 Mc/sec. Despite their poor efficiency, lighthouse tube oscillators
are often used as superheterodyne local oscillators or as signal generators
because they do not require complicated regulated power supplies. In
comparison with the more common form of reflex klystron, the integral-
cavity type, triode oscillators have the advantages of flexibility and
cheapness, but these are offset to a considerable degree by the fact that
the external cavity resonator is expensive.

In microwave oscillators it is scarcely possible to consider the tube
apart from the circuit; cavity problems loom large in any application.
A satisfactory cavity design must not only accommodate a large range of
electrical properties from tube to tube, but must also solve the mechanical
problem of making good contact to the tube without subjecting it to
mechanical stresses. Cooling of the plate of the tube is also an important
consideration in cavity design.

When & resonator is suitably modified to withstand high voltages,
lighthouse oscillators may be operated under pulse conditions with volt-
ages up to 3 or 4 kv and the same (or lower) average input powers as are

1 For an extensive discussion of oscillator circuits for the lighthouse tubes see
A. M. Gurewitsch and J. R. Whinnery, ‘“Microwave Oscillators Using Disk-Seal

Tubes,” Proc. I.R.E., 86, 462 (1947).
170
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used under c-w conditions. As a result of the decreased time of transit
from cathode to plate under higher plate voltages, slight additional modi-
fications to the cavity will be needed to secure the correct phase of feed-
back. Where 2- to 3-kv pulses are applied to the plate of a 2C43 tube,
1r-f pulse powers of the order of magnitude of a kilowatt may be obtained
in the 3000 Mc/sec region, and somewhat more at lower frequencies.
Oscillators of this kind have been used as medium-power beacon trans-
mitters and for special-purpose short-range radar sets. Pulse operation
is discussed in the next chapter; the remainder of this chapter isdevoted
to a consideration of the fundamental circuit types and e-w operation.

The very large number of oscillator designs that have been used in
practical applications is in itself an indication that a thoroughly practical
general-purpose cavity has not yet been developed. The compromises
that must be made in the interests of simplicity generally result in a
serious loss in flexibility; the more limited the application (particularly
in respect to frequency band), the greater the chance of achieving a
satisfactory design. It would be unprofitable to describe a number of
these devices in detail; rather it seems best to emphasize the fundamental
principles involved.

One of the chief factors involved in these compromises is the fact that
at the higher frequencies it is necessary to adjust not only the magnitude
of the voltage that is fed back to the input but also the phase. When
the phase of the transadmittance becomes much greater than r radians,
the phase adjustment may be critical in comparison with the adjustment
of magnitude. Ordinary oscillator cavities do not permit continnous
adjustment of feedback phase. This fact is responsible for many
interesting points of behavior, some of which are mentioned in succeeding
sections.

Most statements in the remainder of this chapter refer specifically
to lighthouse tubes, but it is felt that the conclusions would be applicable
in general to other forms of close-spaced triodes. Physically the light-
house tubes depart so widely from the ideal structures postulated in
Chaps. 3 and 5 that there is little use in attempting a rigorous analysis.
For example, the spacing between grid wires in a 2C40 tube is greater
than the separation between grid and cathode. The “plane” of the grid
is far from being flat, and there are serious differences in transit angle
between those electrons that pass close to the wires and those that go
through near the centers of the holes.

7-2. Principal Types of Oscillator Circuits Applicable to Triodes.—In
the frequency region from about 50 to 200 or 300 Mc/sec, the standard
triode oscillator is one in which the resonant tank cireuit is connected
between the grid and the plate, and the cathode lead is (usually) provided
with an r-f choke. Although various forms of this arrangement have
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received special names, basically it is a Colpitts oscillator in which the
tube interelectrode capacitances and strays provide the capacitance
potential divider for the cathode. When the frequency becomes high
enough to make the use of coaxial-line resonators advisable, this arrange-
ment requires modification. Stray capacitance between the plate and
cathode is eut out by the shielding action of the grid connection, leaving
only a very small internal plate-cathode capacitance. The latter is so
much smaller than the grid-cathode capacitance that the resulting grid-
cathode voltage is insufficient to sustain oscillations. One remedy
is to increase artifically the plate-cathode capacitance by means of one
or more conducting strips fastened to the cathode lead, passing through
holes in the grid connector and presenting a surface to the plate or plate
lead. This form of Colpitts circuit will give satisfactory results provided
the phase angle of the tube transadmittance is small. At considerably
higher frequencies (around 1000 Mec/sec) an analogous arrangement,
in which the grid and cathode are exchanged, is sometimes used; the
resonator is connected between the plate and the cathode, and the grid is
capacitively coupled to or tapped onto a suitable point on the inside
of the resonator. This circuit operates well when the phase lag in the
tube is about  radians because it provides a reversed feedback voltage.
This circuit resembles the “grid tickler” or “reverse feedback’ circuit
except for a reversal of the tickler connections to provide the = radians
phase shift. With a given set of interelectrode spacings and voltages,
there is an intermediate frequency range in which neither of these circuits
works—that is, where the phase lag is about =/2 radians.

The other types of circuits generally bear less resemblance to familiar
low-frequency forms, The grid-separation amplifier, discussed in the pre-
vious chapter, is well adapted mechanically to the lighthouse tubes, and
functions as an oscillator if the right amount and phase of feedback are
provided. A circuit of this type is the most flexible because it permits
enough adjustments to take care of any phase shifts that may be encoun-
tered. In fact, the multiplicity of adjustments is the greatest drawback
to the general use of grid-separation oscillators. If one is willing to
make the adjustments, this oscillator will give the best performance of
which the tube is capable.

Since lighthouse tubes require relatively large driving voltages at the
higher frequencies, various attempts have been made to build oscillators
consisting essentially of a transmission line, radial or coaxial, running
between the grid-plate gap and the cathode-grid gap. Such a line
generally is not uniform; rather there are one or more diseontinuities
that permit designation of a portion of the line as the principal ‘“tank’’
circuit—that is, the region in which most of the energy is stored. This
portion plays the major role in determining the frequency of oscillations.
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For obvious mechanical reasons this transmission line must be folded. One
of the designs for realizing an oscillator of this type is the ambiguously
named ‘“‘reentrant’ oscillator! illustrated in Fig. 7-1. In this oscillator
there is a cylindrical conductor connected to the cathode, a concentric
rod or tube connected to the plate cap, and a short open-ended cylinder
connected to the grid disk. The cathode and plate cylinders are con-
nected (as far as radio frequency is concerned) by a short-cireuiting
plunger that may be either of the choke or of the contact type. The
choke type is preferred, particularly when high plate voltages are used,
because it simplifies the d-¢ insulation problem. The necessary d-c
connection to the grid is made by a wire or a spring located at or near a

D-c grid connection

Grid cylinder
/ C Cathode cylinder _Plunger

Li— [} &

VA =25/ N N
3

*X

 Plate cylinder
Insulating disk
Output lead

D-c plate connection

Fra. 7.1 —Section of a typical “‘reentrant'' cavity oscillator for a lighthouse tube. All
three cylinders have spring fingers to make contact to the tube.

voltage node, and r-f power is coupled out by a loop or probe inserted
usually in the space between the grid and cathode cylinders. Although
the construction of this oscillator is simple and it has the great merit of
readily accommodating the inevitable mechanical imperfections of the
tubes, its electrical behavior is complicated. For the present it will
suffice to remark that, because the region between the grid and plate
cylinders usually contains the major part of the stored energy, it is the
most important region in determining the frequency, whereas the posi-
tion of the plate-cathode plunger chiefly affects the feedback.

Numerous hybrid oscillator designs are possible—for example, the
combination of a radial transmission-line cavity for the input circuit and
a coaxial-line cavity for the output circuit. Most of the hybrid designs
that have been found useful at frequencies above 2000 Mc/sec may be
considered as variants of either the basic grid-separation circuit or the
folded-transmission-line circuit typified by the reentrant oscillator.
At somewhat lower frequencies, up to perhaps 1500 Mc/sec, many other

! Several variants are described by A. M. Gurewitsch, “ Cavity Oscillator Circuits,”
Electronics, 19, 2, 135 (1946).
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schemes have been used. Among these are the so-called ““ coaxial butter-
fly” circuits and the “cylinder’’ circuits, which have been described by
Karplus.! Most of these may be analyzed as combinations of coaxial
lines loaded by concentrated (if not ‘“‘lumped’) reactances. Because
of their limited applications, no detailed discussion of the hybrid circuits
is given here.

The coaxial-line grid-separation oscillator and the reentrant oscillator
are the only types used extensively in the microwave region—the former
mostly in cases where wide tuning ranges are required, and the latter
where tuning ranges of about 10 per cent are sufficient and the utmost

Feedback probe adjustable in
depth and longitudinally Flexible line

“Line stretcher” or trombone-section

R-f
\Blocking condenser output

Plate plunger D-c plate lead
Coupling loops, rotatable
D grid connection

Fia. 7-2.—Sketch of lighthouse-tube grid-separation oscillator with enough adjust-
ments to permit obtaining optimum conditions for any tube when frequency and voltages
are specified.

Spring fingers

simplicity in construction is desired. From the standpoint of the tube,
however, the ideal oscillator would be something like that shown sche-
matically in Fig. 7-2. This is an oscillator of the coaxial-line type
providing enough adjustments to permit achievement of optimum
conditions of feedback. The two coaxial cavities are tuned with plungers
of either the choke or the quarter-wavelength spring-finger type. The
space behind the plungers is made nonresonant by the use of high-loss
insulating material on the heels of the plungers and for the supporting
rings. In general, the two cavities should be operating in different modes
—for example,  and § wavelengths (effective)—so as to avoid troubles

1 E. Karplus, ““ Wide-Range Tuned Circuits and Oscillators for High Frequencies,”
Proc. I.R.E., 88, 426 (1945).
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with undesired low frequencies that might arise if they were both tuned
to the same wavelength.

The probe that injects feedback voltage into the cathode-grid cavity
should be adjustable radially and longitudinally (by a slot) so that the
feedback line is always terminated by the tube input losses, transformed
to the line impedance by the cavity. When the feedback line is so
terminated, the use of a telescoping section (a ‘““line stretcher”) provides
any phase of feedback voltage that may be required by the transit angle
in the tube. The two rotatable coupling loops mounted in the plate
plunger permit adjustment of the magnitude of the feedback voltage
and of the load. There is unavoidable interaction between these last
two adjustments, but otherwise the adjustments are nearly independent
and can be made in a systematic manner. Nevertheless, it is clear that
such a multiplicity of adjustments can never be tolerated in a practical
oscillator. This device could be used only under laboratory conditions
for special purposes.

Because equipment designers usually want a single-control oscillator,
although they can sometimes be persuaded to accept a subsidiary
“trimming”’ adjustment, considerable sacrifices in performance are to
be expected. The alternative of ganging the necessary adjustments is
almost certainly too complicated mechanically. In the practical forms
of the coaxial-line grid-separation oscillator, or of the reentrant oscillator,
the phase and magnitude of the feedback cannot be adjusted inde~
pendently; a fixed adjustment or a crude tracking scheme is satisfactory
over a narrow frequency range. Unfortunately, redesigning an oscillator
for a moderate shift in frequency may require considerable experiment;
it is not often possible to use simple scaling methods.

The remainder of this chapter and the succeeding one are devoted
to a discussion of the operation of these two circuit types. The discussion
is general and nonmathematical, chiefly because the necessary tube
parameters are very seldom known with sufficient accuracy to justify
anything more than a qualitative treatment.

7-3. Power Supply and Bias Considerations.—Because of the very low
efficiency of even the best triode oscillators at frequencies above 1500
Mc/sec, slightly different bias and supply arrangements from those used
at low frequencies are advisable. Particularly with an oscillator that
requires more than one adjustment, so that there is a good chance of
setting the circuit in a nonoscillating condition, the use of grid-leak
bias may be dangerous. This situation is in contrast to that occurring
at low frequencies, where the use of a grid leak assists starting of oscil-
lations and automatically adjusts the bias as required by changing load
conditions, etc.

To protect the tube against overheating when it is not oscillating,
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it is often advisable to use some cathode bias. This bias needs only
to be sufficient to prevent overload at the plate voltage used and the
remainder of the bias voltage may be furnished by a grid leak. Bypass
condensers are ordinarily not required for the bias resistors. The cathode
condenser that is built into the tube structure is usually sufficient to
prevent r-f voltage from appearing on the d-¢ cathode connection. The
reentrant oscillator is an exception if the d-c lead to the grid cyclinder
is not at a voltage node; in this case a small condenser formed by a mica
washer, or a quarter-wavelength choke may be necessary. With a well-
designed cavity there should be no troublesome leakage of r-f power from
the d-c plate lead.!

At moderately high frequencies (200 Mc/sec or less) a reentrant
cavity, especially if provided with a choke plunger between the cathode
and plate cylinders, may appear merely as some extra capacitance in
parallel with the tube interelectrode capacitances. Because of the
high transconductance of the lighthouse tubes at these frequencies,
parasitic oscillations in the circuits formed by the power-supply leads are
sometimes encountered. These lower-frequency oscillations are found
most often in bench setups and are cured by the insertion of appropriate
r-f chokesin theleads. They are often encountered also when attempting
to measure the usual parameters, mutual conductance, plate resistance,
and u with a vacuum-tube bridge of standard design. The subject is
mentioned here mainly to warn the experimenter to suspect parasitics
in cases of erratic behavior.

Another common difficulty is intermittent or interrupted oscillation,
which may be ‘“‘self-quenched” superregeneration (‘‘squegging’) at a
moderately high audio frequency or lower frequency ‘“motorboating.”
The latter is usually a fault of the power supply itself and is remedied
by proper bypassing, but the former is more difficult to overcome.
Because the operator generally lacks adequate control over the feedback,
it not infrequently happens that the feedback is excessive, and super-
regeneration occurs with a quench frequency that depends mainly on
the time constant of the grid leak and the stray grid-ground capacitances.
Reduction of this time constant generally stops the superregeneration,
but the proper cure is to reduce the feedback.

Unless a high degree of frequency stability is required, it is not
necessary to regulate the power supply. When stability is important,
however, it is usually necessary to regulate the heater voltage as well as
the plate supply. Voltage regulation is more important with the reen-
trant oscillator than with the two-cavity coaxial grid-separation circuit.
When the taut-grid 2C40 and 2C43 tubes are used, the frequency shifts

L If present, the leakage can readily be detected by running a finger or screwdriver
along the lead and noting the reaction on the oscillator.
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resulting from an unregulated supply should not exceed 0.5 Me/sec
(at 3000 Mc/sec) for a 1 per cent change in line voltage.

The provision of adequate cooling of the anode is important enough
to deserve mention here, although it is more a question of cavity design
than of power supply. Because of the low efficiency, plate input power
is practically synonomous with plate dissipation. Most oscillator designs
bury the plate connection within a pair of concentric cylinders. Since
these are usually silver-plated, they practically eliminate radiation
cooling. It is necessary to provide adequate conduction along the plate
cylinder or to blow air on the plate cap itself. A surprisingly large
number of small ventilation holes may be bored in the cylindrical con-
ductors forming the oscillator cavity with no apparent detriment to
performance.

7-4. Two-cavity Grid-separation Oscillators.—Many of the impor-
tant points in the construction of two-cavity coaxial-line grid-separation
oscillators are obvious and need only be listed here. These are: (1)
the importance of designing contact fingers to provide good electrical
(and thermal) contact without stressing the tube mechanically; (2) the
necessity for dependable action of the short-circuiting plungers (which
means the use of choke plungers, unless too wide a frequency range is
required); (3) the avoidance of resonances in the supposedly ‘“dead”
region behind the plungers; and (4) the possibility of higher modes in
the outer coaxial line at high frequencies.

In most applications it is desirable to gang the two plungers so that
a single tuning control will suffice. Such a procedure is complicated
because the graph of wavelength against plunger position is not a straight
line. The departure from a straight line is due to the loading effect of
the tube on the open end of the coaxial line.

The r-f gap in the tube may be represented to a first approximation
by a lumped capacitance, provided the radius of the plate or cathode is
very much less than one-quarter wavelength (this condition always being
satisfied in lighthouse tubes). This lumped capacitance loads a radial
transmission line at the center, and this radial line in turn loads the
coaxial line. This resonator is evidently somewhat more complicated
than the simple klystron resonator discussed in Chap. 4. The transition
region between the radial and the coaxial transmission lines makes caleu-
lations of resonant frequency unsatisfactory. The lack of a simple
method of calculating the dimensions of this resonator is not serious
since the actual tubes depart widely from the simple geometry considered
here.

If the mode in which the resonator is operating is designated as the
(n/4)-mode, where n is any odd integer, n =1, 3, 5, «+ - + ; then as n
increases, the effect of the loading becomes less important and the
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tuning curve (wavelength vs. plunger position) approaches a straight line
of slope 4/n. When n is not very large, however, as the line length
is decreased the points depart more and more from the predicted line,
always lying above it. It is this curvature, which depends on the loading
and therefore is different for the two cavities, that makes ganging difficult.
In taking experimental data for the design of a tracking mechanism,
it is worth remembering that the complete curve for only one mode needs
to be determined accurately for each cavity; the rest of the curves in
the family are readily constructed by adding or subtracting the proper
number of half wavelengths. If carried over a sufficiently large wave-
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Fra. 7-3.—Tuning curves for a type 446 tube in a two-cavity grid-separation oscillator.
Crosses, experimental points, and dots obtained by extrapolation.
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length range, a family of curves of this sort will show whether or not it
is necessary to use different modes for the two cavities to avoid operation
in the fundamental. The physical line lengths required for a given
wavelength depend on the diameters of the conductors and the configura-
tion of the contact fingers, but the data of Fig. 7-3 give an idea of the
orders of magnitude. The resonant wavelengths for the various modes
are plotted as functions of distances (in centimeters) from the plane of
the grid disk to the short circuit. The data were taken on a 446 tube
in an oscillator in which the inner and outer conductors of the plate
cavity were 4 in. and § in. in diameter, and of the cathode cavity % in.
and 1% in., respectively. It should be noted that for this particular
tube a radial cavity 14 in. in diameter between the cathode shell and the
grid disk would resonate near 14 em, and a similar cavity between the
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grid and the plate disks £ in. in diameter would resonate a little below
10 em. Figure 7-3 also indicates that, unless precautions are taken, it
is not safe to use the $\-mode in both cavities at 10 cm because in that
case the lengths of the lines would be too close to those required for
oscillation in the fundamental mode between 22 and 25 cm.

Feedback arrangements for oscillators of this type are numerous, and
in general not very satisfactory. Various types of coupling loops or loop-
and-probe combinations inserted through the grid conductor are often
used; these function well over a 10 to 20 per cent frequency band. When
wider bands are required, several different feedback devices may be
employed simultaneously. Another common scheme is to cut a longi-
tudinal slot in the grid cylinder and to mount a small probe on one of
the shorting plungers so that it picks up some energy from the other
cavity. If the same mode is used in both cavities, the feedback tracks
roughly at least over a considerable range.

Ordinarily, the coupling between the two circuits will be much
tighter than critical coupling, so the response curve will have two peaks.
Therefore, if both cavities are tuned to the same frequency, all of these
schemes can produce only zero or 7 radians phase shift in the feedback.
Detuning of the cathode circuit allows some adjustment of the angle,
but at a sacrifice in driving voltage. Furthermore, a phase shift of #/2
or 3r/2 radians is impractical.

Unless very strong coupling is used, the frequency stability of these
oscillators with respect to power supply or thermal variations is notice-
ably better than that of the reentrant oscillator. Not only is the cathode-
grid capacitance less tightly coupled to the frequency determining circuit,
but the common practice of using $A- or $A-modes in the grid-plate
cavity reduces the importance of changes in plate spacing. The higher
Q in the frequency-determining circuit proportionately reduces the
sensitivity to changes in any of the tube parameters, whereas the loose
coupling further reduces the importance of heater voltage.

Despite this advantage of the two-cavity circuit, it has been used
relatively little on account of the mechanical difficulties in producing the
oscillators and the evident complexity of the adjustments. The main
uses have been for laboratory measurements on the tubes and for special
signal generators. In most of the large-scale applications the reentrant
oscillator has been preferred in spite of its inferior stability and the fact
that it is less flexible and harder to understand.

7-6. Reentrant Oscillators.—In order to analyze the behavior of the
reentrant oscillator in terms of an equivalent circuit,! a somewhat simpli-
fied picture will be introduced first. In Fig. 7-4 the d-c grid lead is

1 The treatment follows that of J. R. Whinnery, ‘“A Preliminary Report on
Re-entront Oscillator Theory,” General Llectric Data Folder, 46256, Aug. 2, 1943,
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omitted, numerous discontinuities are ignored, and the load is represented
by a lumped admittance Y.

The most common method of tuning a reentrant oscillator over a
5 to 10 per cent tuning range is to slide the plate connector partly off
the plate cap of the tube in such a way as to leave a discontinuity, which
may be treated as a variable lumped inductance L, in series with the
coaxial line 3. A motion of ¢ in. will shift the frequency about 100

Y;
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A ' ﬂ, 1D
r 4
N ' /3
8 1 L, 2
Fig. 7-4.—Idealized reentrant cav~ Fig. 7-5—Coaxial line con-
ity, d-c grid connection omitted. figuration similar to that at the

end of a grid cylinder.

Mec/sec in the 3000-Mec/sec region. The grid cylinder, which is usually
made to snap on to the grid disk, has a short “overhang” extending
toward the cathode. Tuning is sometimes done by varying the length
of the grid cylinder with a telescoping section.

Before proceeding to the equivalent circuit a few remarks on the
fields in the neighborhood of one of the ends of the grid cylinder may be
helpful. In the configuration shown
in Fig. 7-5 a coaxial line ¢ is connected
to two concentric lines @ and b, which
are formed by inserting the cylinder 3
into line ¢. Provided cylinder 3 has
negligible thickness, the analysis is
simple. A wave in line ¢ proceeding
to the left is split into two waves
with amplitudes proportional to the

Fra. 76 —Equivalent circuit for the o} cteristic impedances of a and b,
configuration of Fig. 7-5, L. is resonant A )
with the series combination of C, and and there is no reflection. However,
Co. a wave sent down line a to the right
will, in general, be partly reflected and partly transmitted into b and c.
This wave will ““see” a discontinuity capacitance arising from the fring-
ing field at the end of 3; and a wave sent to the right in b will behave
qualitatively like one in a. The characteristic impedance of line ¢ will
be the sum of the impedances of lines a and b.

These considerations lead to an equivalent circuit for Fig. 7-5 as
shown in Fig. 7-6. The two discontinuity capacitances C, and C, may
be calculated from the geometry. The discontinuity appearing across
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line ¢ is an inductance L., which is resonant with the series combination
of C; and C,. When line ¢ is closed with a short-circuiting plunger, as in
the reentrant oscillator, its effect may be merged with L as a variable
reactance. Thus line a is terminated by line b in series with a variable
reactance, adjustable by moving the short-circuiting plunger in ¢. If
line b has a dissipative load, variation of the length of ¢ will produce
a variable phase shift of the wave in b with respect to that in a, but the
phase shift will be accompanied by a change in magnitude and it will
not be possible to reach all angles.

After this digression, it is now possible to draw an equivalent circuit
for the complete oscillator, provided some simplifying assumptions are
made. In addition to neglecting the effects of the d-c grid connection,
the reflections from the output probe, and the losses at the r-f contacts,
it is convenient to assume small-signal conditions, so that the tube charac-

el L, ls N
L6, Tcz C,Acs C;AC, o
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F1a. 7-7.—Equivalent circuit for oscillator of Fig. 7-4, assuming small-signal theory.

teristics may be expressed by input and transfer admittances. Also, the
tube is assumed to have infinite plate resistance and the plate-cathode
capacitance is neglected. The assumption of small sighals limits the
analysis to conditions at the start of oscillation. Given sufficient knowl-
edge of the tube parameters, it is possible to predict whether oscillations
will occur and at what frequency, but no conclusions can be drawn
about the equilibrium amplitude of oscillations. Experimentally, the
most serious assumption is the neglect of the reflections from the d-c
grid connection and the output probe.

Referring to Fig. 7-4, the input region 8 may be considered as a
capacitance Cs shunted by a loading resistance R, across which the
voltage V, is developed. As a result of this voltage, there will be a
current generator Y, V, in the output circuit, where Y, is the trans-
admittance. The grid-plate capacitance is designated as €, and the
discontinuity capacitance at the plate disk of the tube is ;. The circuit
then will be as shown in Fig. 7-7. The various pieces of coaxial line
appearing in Fig. 7-4 are indicated here by small I's with a subscript to
correspond to the numbers already used. It should be noted that there is
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a mechanical requirement that the length of line 5 be the sum of the
lengths of lines 2, 3, and 7.

For oscillations to persist, it is necessary that a current Y,V,, fed
in at the left-hand end, give a voltage V in the correct phase at the right-
hand end. For the oscillations to build up, ¥, must be at least infinitesi-
mally greater than V,. The frequency of oscillation will adjust itself
until the phase shift produced by the circuit plus that produced by
transit time is just 2o or a multiple thereof. Caleulations performed by
Whinnery and others, for cases in which the tube transadmittance was
known, have shown that the circuit of Fig. 7-7 will predict correctly the
range of lengths of [, over which oscillation will be obtained.!

Obviously, there will be successive positions, differing by a half wave-
length, for the short-circuiting plunger on {,. Unfortunately, the agree-
ment between experiment and theory is mainly reassurance that the
analysis has been followed correctly; the tube parameters are known too
rarely for caleulations to be of much practical use.

Before this analysis was available, it was known empirically that the
region from (' to the junction of lines 3, 4, and 5 (the end of the grid
cylinder) was the most important in determining frequency. Because
the reflection at the end of the grid cylinder is large in all normal reentrant
oscillator construction,? it is to be expected that the greater part of the
stored energy will be found here. To a rough approximation, the line
as far as the end of the grid eylinder behaves like a loaded half-wavelength
line, which is physically about one quarter-wavelength long at 3000
Me/sec, but the other circuit parameters cannot entirely be neglected.

The load can be connected almost anywhere in the circuit and about
the same amount of power can be obtained, but it has been found best
experimentally, from the standpoint of smooth operation over a range of
frequencies, to connect the load as shown in line 5. Fortunately, this
connection is also convenient mechanieally. This optimum location
could have been predicted from Whinnery’s analysis, since placing a
load on line 5 assists in obtaining a wider range of phase shifts by adjust-
ment of the plunger in line 4.

1t was known early that different dimensions were required to reach
the same frequency under c-w and pulse conditions. Clearly, the applied
voltage will affect the phase of ¥V, and the line lengths must be altered
to correspond.

! Most of these comparisons between theory and experiment were made in the
1000-Mc/sec region with selected tubes for which the spacings were known.

2 In some experimental oscillators, which were constructed by J. B. . Kuper and
P. A. Cole at the Radiation Laboratory and which had a very low characteristic imped-
ance for line 5, the position of the short circuit in line 4, or rather the length &z + I + 1,
was the main frequency-determining element,
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In spite of its limitations it appears that Whinnery’s equivalent
circuit is invaluable in understanding the behavior of reentrant oscillators.
Perhaps the most important result is the fact that only a limited range
of feedback phase angles can be obtained by adjustment of the plunger,
and then only with a corresponding variation in amplitude.

7-6. Behavior of Practical Reentrant Oscillators.—In most reentrant
oscillators the arrangement of the cathode cylinder and its contact
to the cathode shell of the tube departs widely from the simple scheme
shown in Fig. 7-4. Since no attempt is ordinarily made to use the
equivalent circuit quantitatively, this variation is not very important,
but it must be remembered that any change in dimensions in the oscil-
lator cavity will affect the feedback and probably the frequency also.
The location of the d-¢ grid connection is sometimes very important in
obtaining oscillations at a particular frequency. A 3000-Mc/sec oscil-
lator may operate at some frequency in the 1000-Mc/sec region if the
arrangement of contact springs for the d-c grid connection is wrong.

The operating wavelength, length of the grid cylinder, and location
of the short-circuiting plunger are given in Table 7-1 for a typical 2C40
tube. The measurements were made under c-w conditions with 200
volts on the plate and under pulse conditions with 1200 volts in an

TaBLE 7-1.—RELATION OF WaVELENGTH, GRID CYLINDER LENGTH, AND PLUNGER
Position For 4 2C40 1N A REENTRANT OSCILLATOR
RL Dwg. D-11089-A. Continuous-wave measurements at 200 volts, pulse measure-
ments at 1200 volts

Continuous wave Pulse
Wavelength
velengt, em Grid cylinder -Plunger Grid cylinder .Plunger
distance [,, distance l4,
I + I3 cm la + I3, cm

wavelengths wavelengths
8.8 1.84 0.40 1.58 0.36
9.2 2.08 0.41 1.75 0.37
9.6 2.32 0.41 1.90 0.37
10.0 2.60 0.405 2.07 0.40

oscillator shown in the Radiation Laboratory drawing D-11089-A. The
position of the plunger determining /4 (see preceding section) is given
in wavelengths from the end of the grid cylinder.

The wavelength varies almost linearly with the length of the grid
cylinder, but the optimum electrical length of I remains more or less
constant. The physical position of the plunger is changed considerably.
The small variations in plunger distance are within the experimental
error in locating the optimum position. There is a striking difference
between the optimum dimensions for ¢-w and pulse operation. This
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difference is a result of the decreased transit time at the higher plate
voltage. The full effect of the change in voltage is not seen because the
tube spacings decrease with increasing temperature and the average
input power is usually higher under c¢-w conditions. An oscillator
designed for pulse operation will operate under c-w conditions if the grid-
cylinder length and plunger distance are both increased. Naturally,
the insulation of the plate lead need not be so good for c-w operation.
In many practical oscillators there is no convenient independent
adjustment of /.. Instead, the plunger is fastened to the plate rod, and
the length of line 4 is increased slightly as the rod is pulled off the plate
cap of the tube, increasing L, and with it the wavelength. For small
changes in wavelength, approximately the same electrical length of I4
will be necessary, as indicated in Table 7-1. These measurements indi-
cate merely that it is plausible to move the two adjustments in the same
direction but they give no information

%6 about the relative rates required. In
many oscillators where this sort of “gang-

9.2 Lo . . .
o ing” is used, it is possible when changing
E Py ° tubes to shift the position of the short-

< 88 | circuiting plunger on the plate rod.

P The power output to be expected from
84 : a 2C40 in a reentrant oscillator varies
widely with frequency and from tube to
8'016 17 18 19 20 tube. The tuning range may be com-
' ' Cwl(mm ' " paratively wide if the length of the grid

Fie. 7-8.—Wavelength of os- cylinder is varied, but if the tuning is done
sllation o 2 fzed unwd sentant by sliding the plate rod part way of the
of various 4644 tubes. The curve cCap, & range between 5 and 10 